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THE PILLOWCASE AND TRACELESS REPRESENTATIONS OF KNOT 
GROUPS II: A LAGRANGIAN-FLOER THEORY IN THE PILLOWCASE 


MATTHEW HEDDEN, CHRISTOPHER M. HERALD, AND PAUL KIRK 

Abstract. We define an elementary relatively Z/4 graded Lagrangian-Floer chain complex 
for restricted immersions of compact 1-manifolds into the pillowcase, and apply it to the 
intersection diagram obtained by taking traceless SU{2) character varieties of 2-tangle de¬ 
compositions of knots. Calculations for torus knots are explained in terms of pictures in the 
punctured plane. The relation to the reduced instanton homology of knots is explored. 


1. Introduction 

In |21] . Kronheimer and Mrowka introduced a powerful invariant of a knot or link in a 
3-manifold L (Z X called singular instanton knot homology. Denoted I^{Y, L), their invariant 
is defined in the context of gauge theory. Roughly, the theory associates to L a chain group 
C^{X, L) generated by flat SO{3) connections on A \ L which have a prescribed singularity 
near L. This group is endowed with a differential that counts anti-self-dual instantons on 
A X M which limit to given flat connections on the ends. Singular instanton knot homology 
has an important computational tool called the skein exact triangle. This is a long exact 
sequence relating the homology groups of links which agree outside of a small 3-ball, where 
they differ in a simple way. Iterated application of the exact triangle using a collection of 3- 
balls leads to a spectral sequence which converges to /^(A, L). This spectral sequence, when 
applied to a collection of 3-balls containing all the crossings of a diagram for a link in the 
3-sphere, has E 2 page isomorphic to the well-known combinatorial knot invariant Khovanov 
homology [23]. The existence of this spectral sequence, together with a non-triviality result 
for I^(5'^,L) coming from its relation to another knot invariant (sutured instanton knot 
homology) [22] , allowed Kronheimer and Mrowka to prove the striking result that Khovanov 
homology detects the unknot. Despite this triumph, /^(A, L) remains rather mysterious. This 
is due in large part to the fact that computations are extremely scarce. Initially, the only 
route for computation was through the aforementioned spectral sequence, but, aside from 
the instances where it collapses for simple reasons at Khovanov homology, little headway has 
been made in this direction (though see |24l [27] for more sophisticated computations using 
the spectral sequence). 

Motivated by a desire for a more explicit understanding of the singular instanton chain 
complexes, we began a project in [18] which aims to make concrete direct calculations of 
/^(A, L). This is not so easy, and a serious initial sticking point arises from the fact that 
the flat connections which generate C^{X,L) are never isolated. Indeed, aside from the case 
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of the unknot in S^, the spaces of flat connections studied by the theory are always positive 
dimensional varieties. For this reason, one needs to perturb the Chern-Simons functional that 
gives rise to {X, L) through its Morse homology. The robust holonomy perturbations used 
to set up the general theory destroy the concrete algebraic interpretation of the generating 
set for C^{X,K) in terms of certain traceless representations of the fundamental group of 
X \L, and the goal of our first paper was to retain such an interpretation by way of explicit 
local, and in some sense minimal, holonomy perturbations. The main idea from [18] was to 
pick a particular distinguished 3-ball in X which intersects L in a trivial 2-stranded tangle. 
We then performed an explicit holonomy perturbation to the Chern-Simons functional in the 
neighborhood of a curve living in this ball. Using this perturbation allowed us, in a variety 
of examples, to perform computations of singular instanton chain groups for many knots 
(e.g., many torus knots) which implied that the spectral sequence from Khovanov homology 
necessarily had large rank higher differentials. In many of these cases we produced per¬ 
fect complexes, i.e., complexes with trivial differential, so that our computation determined 
the singular instanton homology despite the fact that the spectral sequence from Khovanov 
homology was not understood. 

The key perspective for the computations of [T8| is that the generators of the singular 
instanton chain groups can be interpreted as the intersections of two immersed 1-manifolds 
in a 2-dimensional orbifold, the pillowcase, which arises as the quotient of the torus by the 
hyperelliptic involution (see Section for more details). This perspective results from the 
observation that the choice of trivial 2-stranded tangle {D, U) C {X, L) where we perform 
the perturbation results in a decomposition of the link 

(X, L) = {X\D,L\U) [D, U) 

We let (y,T) := {X\D, L\U) denote the complementary tangle. Now {X, L) is generated 
by certain conjugacy classes of perturbed traceless representations p : 'Ki{X \ L) —)• SU{2). 
Using the above decomposition, they can be viewed as the intersection of the restrictions 

R{y,T) Ri{D,u) 


R{S‘^, {4 points}) ~ P 

where R(Y,T) denotes the traceless SU{2) character variety of the complementary tangle, 
Rn{D,U) denotes the perturbed traceless character variety of the trivial tangle (suitably 
summed with the Hopf link to allow for a non-trivial bundle), and i?(5'^, {4 points}) is the 
traceless character variety of the 4-punctured 2-sphere where the tangles intersect. The latter 
variety is isomorphic to the pillowcase, which we denote by P |18[ Proposition 3.1]. In |18[ 
Theorem 1] we calculated the restriction map Lq : r\^{D, U) —)• P, showing that for certain 
perturbation data its image was an immersed circle with exactly one double point, a “figure 
eight”. Provided that the image of the restriction Li : R(Y,T) —?• P is an immersed 1- 
manifold transverse to this figure eight, there is a bijection between generators for C^{X, L) 
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and intersections of the images of Lq and Li: 

C\X,L)= 0 'L/2{x) 

irE{Image Lq D Image Li} 

This perspective allows for the computation of C'^{X,L) for an arbitrary 2-bridge or torus 
knot and for certain pretzel knots (see |18l Sections 10 and 11] and [17jb 

Though it made progress towards our goal of making the singular instanton complexes 
more computable, the approach of [18] had two serious drawbacks. The first is that it was 
not clear whether, given a link {X, L), a trivial tangle {D, U) C {X, L) can be found for which 
Li : R{Y, T) —>■ P is an immersed 1-manifold transverse to the image of Lq. The second is that 
even when such a tangle can be found, we had no way to compute the instanton differential 
on the resulting chain group. The purpose of the present article is to address this second 
issue. 

A hint towards a possible understanding of the differential is gleaned by viewing our setup 
through the lens of an ever growing body of conjectured or established relationships between 
gauge theoretic and symplectically defined Floer theories (e.g., laElEllliaisllEIlIHI discuss 
relationships between Yang-Mills gauge theory and symplectic invariants). These relation¬ 
ships are often described as “Atiyah-Floer Conjectures”, and our description of C^{X^L) 
suggests looking for a differential on the instanton complex in terms of the symplectic ge¬ 
ometry of the pillowcase. In fact such a differential exists, and in the first half of this paper 
we introduce an elementary Z/4 relatively graded Lagrangian-Floer type chain complex for 
appropriate immersions of compact 1-manifolds {restricted immersed Lagrangians) into the 
pillowcase. That is, we define a complex generated by intersections of the images of immersed 
1-manifolds, whose boundary operator is defined by counting the analog of holomorphic disks 
connecting them (in this low-dimensional setting, it will suffice to count orientation preserv¬ 
ing immersions of disks into the pillowcase connecting intersections of Lq and Li). In pursuit 
of our chain complexes, we draw liberally from the foundational work of Abouzaid [T] on 
Floer homology for immersed Lagrangians in Riemann surfaces and de Silva-Robbin-Salamon 
|29j for combinatorial and homotopy-theoretic aspects of Lagrangian Floer homology in this 
setting. Our work here can be viewed both as generalization and specialization of the ex¬ 
isting literature, and our primary contribution is clarifying invariance proofs and properties 
of immersed Lagrangian Floer homology in the Z/4 graded setting, and when some of the 
Lagrangians are immersed arcs (as opposed to circles). The main result towards this end is 
Theorem 4.1, which can be paraphrased as follows. 


Theorem 1. Let (Lq, Li) he a pair of restricted immersed 1-manifolds in the pillowcase such 
that at least one of Li consists only of circles. Then there is a well-defined Floer homology 
group HF{Lq, Li) whose relatively Z/4 graded isomorphism type depends only on the free 
homotopy type of the pair {Lq, Li). 


The second half of the article applies this construction to the situation described above, 
when Lq : r\-{D, [/)—>■ P is the restriction map from the perturbed traceless SU{2) character 
variety of the trivial tangle and Li : Rn{Y, T) —)• P is the restriction of the perturbed traceless 
character variety of a tangle T in a homology 3-ball Y (e.g., the complementary tangle to 
an embedded trivial tangle in a pair {X,L) as above). In favorable circumstances, such as 
when {Y, T) is a certain tangle naturally associated to a 2-bridge or torus knot, the map 
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Li : RTr{Y,T) —>■ P is a restricted Lagrangian without perturbations, so that the chain 
complex C^(y, T, vr) := CF{Lo, Li) and its homology H'^{Y,T, tt), which we refer to as the 
pillowcase homology of {Y,T), are defined. We then calculate the pillowcase homology 
for a number of examples, and show that it agrees with the singular instanton homology in 
cases where the latter is known (e.g., 2-bridge knots and many torus knots). More generally, 
our computations of pillowcase homology agree with conjectures for in many other 

cases. We make the following Atiyah-Floer type conjecture: 

Conjecture. Given a knot K in a homology sphere X, there exists a 2-tangle decomposition 
{X,K) = {Y,T) U {D,U) with {D,U) a trivial 2-tangle, and arbitrarily small perturbations 
-IT, so that Li : Rt^{Y,T) P is a restricted immersed 1-manifold for which the resulting 
pillowcase homology H\Y,T,7r) is isomorphic to I^{X,K) as a 'LjA: relatively graded group. 

We should note that the holonomy perturbations vr that we use to make the traceless 
character varieties regular and transverse are compatible with the perturbations used to 
make the moduli spaces regular in the construction of I^{S^,K). We should also note that 
while we have in some sense dealt with the second drawback from our first paper, in the 
sense that we have constructed a differential, the present results still leave us quite far from 
achieving our goal of computing l'^{X, K). Indeed, we do not yet know how to construct the 
general perturbations necessary to even define the pillowcase homology (nor do we know how 
to pick the embedded trivial tangle {D,U)). Moreover, even in the cases that we can find 
perturbations which make the pillowcase homology well-defined, it is not true that any such 
perturbations will yield a complex whose homology agrees with K). 

We hope to remedy these concerns for the case of links in the 3-sphere in a subsequent arti¬ 
cle, which will develop a spectral sequence from Khovanov homology to pillowcase homology. 
This will rely on picking a particular trivial tangle with which to apply our construction, and 
then iterating a skein exact triangle satisfied by pillowcase homology in a similar manner to 
Kronheimer and Mrowka’s construction. This will rely on picking diagrammatically defined 
perturbation curves for the diagram of the complementary tangle (Y,T). Provided that we 
can construct this spectral sequence, it will have the advantage of providing an algebraic 
route to proving not only that pillowcase homology can be defined for arbitrary links in the 
3-sphere, but also for showing that it is an invariant of the isotopy type of the link (in reality, 
we will prove the stronger result that the quasi-isomorphism type of a certain twisted com¬ 
plex built from Lagrangian immersions is a tangle invariant living in an appropriately defined 
Fukaya category of the pillowcase). Moreover, it will provide a mechanism for calculating the 
higher differentials in the spectral sequence, since they will be combinatorially computable 
via the Riemann mapping theorem for polygons. While much remains to be done to achieve 
this goal, we are given hope from the fact that we have already established the skein exact 
triangle for pillowcase homology in our work-in-progress. 

Outline: We now summarize the results of the article. In Section[2]we recall and extend work 
of Abouzaid [T] to construct a Lagrangian-Floer theory for curves in surfaces, and outline the 
basic properties of the Maslov index. 

In Section|^we recall the construction of the pillowcase P as a quotient of by 7? >< Z/2. 
This is a 2-sphere with four singular points (corners). Motivated by the main result of our 
previous article |18j . we fix a family of immersed circles with one double point in a 

certain regular homotopy class. We define a restricted immersed 1-manifold in P (roughly) 
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to be an immersion Li : ii —)• P, where either ii is a circle and Li misses the corners of P, or 
R is an arc with endpoints mapping to the corners; see Definition 3.6 Choosing Lq = Lg® 
transverse to a restricted lagrangian Li, we then define a chain complex {C^{Lo, Li), d) with 
differential d determined by immersed bigons in the smooth part of P with boundary lying 
on Lq and Li, following Floer [16] and Abouzaid [T]. We show how to endow this complex 
with a relative Z/4 grading, a variant of an idea due to Seidel [3T] . 

In Section]^ we prove that the resulting Floer homology HF{Lq,Li) depends only on 
the homotopy classes of the restricted immersed curves Lq,Li (the result paraphrased as the 
theorem above). This result, together with some basic observations described in Section]^ 
provides a set of tools to calculate HF{Lq, Li). 

In Section]^ we apply this construction to traceless character varieties of knots. We first 
recall that the traceless character variety of the pair {S‘^, {a, 6, c, d}) is the pillowcase P. The 
main theorem of |18] shows that if {X,K) is a knot in a 3-manifold and (5^, {a, 6, c, d}) C 
(A, K) is a 2-sphere which separates (A, K) into a trivial 2-tangle in the 3-ball {D,U) and its 
complement (A, T), then generators of Kronheimer-Mrowka’s reduced instanton knot complex 
can be identihed with the intersection of Lq^ and Li : R{Y, T) —)• P. Hence, in favorable 
circumstances, to such a decomposition and an appropriate holonomy perturbation vr we can 
assign the corresponding Floer homology HF{Lq^, Li), which we denote by H\Y, T, tt). This 
leads us to make the Atiyah-Floer conjecture stated above (see Conjectures |6.3| and |6.5| for 
more precise statements). 

We show in Section that this conjecture holds for 2-bridge knots (where all differentials 
are zero in both complexes). Sectionsandestablish some general properties of i? 7 r(A, T), 
such as identifying the two boundary points, showing they are stable under holonomy per¬ 
turbations, and map to the corners of the pillowcase. We also examine the effect of applying 
holonomy perturbations in a collar neighborhood of the separating 2-sphere; in particular, 
this is used to make Lq and Li transverse. 

In Sections 10 and II we turn to calculations for torus knots, which display a rich and 
complicated collection of examples. We find two appropriate perturbation curves in a useful 
tangle decomposition for any {p,q) torus knot, and prove (Theorem 10.1) that there exist 
perturbations vr so that RT^iY^T) is a compact I-manifold with two boundary points. We 
extend the work of identifying Rt^{Y,T) and its image in the pillowcase, to give many 
calculations of H^(y, T, vr) for tangles associated to torus knots. We give examples where 
different tangle decompositions and perturbations of a knot yield the same Lagrangian-Floer 
homology, which agrees with reduced instanton homology. We give examples with non-zero 
differentials. The reader is encouraged to examine Figures through 25 to get a feel for 
how calculations are carried out. 

The upshot of our calculations is that the conjecture stated above holds for all the calcu¬ 
lations of H'^{Y, T) for which the corresponding instanton homology /^(S^, K) is known, and 
is consistent with the conjectured equality of ranks of K) and the Heegaard knot Floer 

homology of K when the instanton homology is unknown. 


As an important hnal remark, we should say that while this article is rather lengthy 
we believe the results are quite natural and can be relatively easily understood through 
examples. Thus for the benefit of the reader we have included a running example which is 
illustrated in Figures and[^ and with details of the resulting calculations in Section 
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3.9, Understanding this example, and its relation to the traceless character variety associated 


to a 2-tangle decomposition of the (5,11) torus knot (Section 11.1) should make our ideas 
quickly accessible. 
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2. Immersed Lagrangian Floer theory on a serfage 

In [T], Abouzaid constructs a Lagrangian-Floer theory for unobstructed immersed curves 
in an oriented surface. In this section we recall his contraction, adapted slightly for our 
purposes. We also recall and relate various versions of the Maslov index for curves and 
n-gons in a surface equipped with a line field. 



Figure 1. An immersed circle Li in the 4-punctured 2-sphere. 


2.1. Unobstructed immersed curves. Let 5 be a compact oriented surface, possibly with 
boundary, with infinite fundamental group. 

Definition 2.1. An unobstructed immersed arc is an immersion L : [0,1] —>■ 5 which maps 
the endpoints to distinct points in the boundary of S', which is transverse to the boundary 
at its endpoints, and so that some (and hence every) lift of L to the universal cover of S is 
embedded. 
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An unobstructed immersed circle is an immersion of a circle L : 5^ —)• S' so that each lift 
of the composite M —)■ S*^ —> S' to the universal cover of S' is a properly embedded line. Here 
e{t) = exp(27rit). 

Either one of these is called an unobstructed immersed curve. 

An immersion of a 1-manifold i? to S' is said to contain a fishtail if there is an interval 
I C R whose endpoints are sent to the same point in S' and so that the resulting loop 
is nullhomotopic. Lemma 2.2 of [T] shows that an immersed circle is unobstructed if and 
only if it is homotopically essential and contains no fishtails. Similarly, an immersed arc is 
unobstructed if and only if it contains no fishtails. 

The reader can easily verify that the immersed circle illustrated in Figure is essential 
and contains no fishtails, hence is unobstructed. 

2.2. Intersection points. Let Lq : Rq ^ S and Li : —)• S' be unobstructed immersed 

curves which intersect transversely. 

Definition 2.2. Define an intersection point of Lq and Li to be a pair p = (ro, rfi) ^ RqX Ri 
where Lfiro) = Lfirfi). 

By transversality and compactness, there are only finitely many intersection points. We 
will frequently abuse notation and write “Lq H Li” for the set of intersection points of Lq 
with Li, or confuse p = (ro,ri) with its image Lo(ro) = Li(ri) in S. 

Define C{Lq,Li) to be the F 2 vector space generated by the intersection points of Lq and 
Li. 

2.3. Line fields and the Maslov index. We recall some well known facts about the Maslov 
index in the 2 -dimensional setting for the convenience of the reader, but also to make our 
conventions precise. 

First, suppose that a : [0,1] —)> is a smooth map. Define the degree of a to be the sum 
of the local degrees of a over the preimages of a regular value for any small > 0 chosen 
so that 0 ( 0 ), a(l) 0 | t G ( 0 , 1 ]}: 

deg(a) := ^ deg,j,(a) 

(deg 3 ,(a) denotes the sign of da at x). Typically a(0) 7 ^ 1 / a(l) so that we may take 
5 = 0. The integer deg(a) has the property that it is additive under composition of paths, 
and invariant under homotopy of a rel endpoints. Define the degree of a continuous path to 
be the degree of any smooth approximation with the same endpoints. 

Next, suppose that P —)• L is a principal circle bundle over a space B and iQ,i are two 
sections. The section £ defines a trivialization P =£ B x sending £ to 1 G Given a 
path a : [0,1] —>■ B, define the Maslov index of a with respect to £q and £, denoted fi{iQ,i)a, 
to be the degree of the composite 

[0,1] L ^ P B X A 

For the rest of this section we consider a pair where S is an oriented Riemannian 

surface equipped with a line field i (so S is either a torus or else S is not closed). Formally, 
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^ is a section of the projective tangent bundle P(T*S'), which we consider as a principal 
= SO{2)I{Zj2) bundle. Hence i defines a trivialization P{T^S) =i S x S^. 

An immersion of a 1-manifold i? in S' dehnes a line field along R and hence a Maslov index 
for any path in R. More precisely, given an immersion Lq : i? —>• S, the subspaces dLo{TrR) C 
'^Lo{r)S of L dehne a section, which we denote £o, of the pullback bundle Lg(P(r*S)) —)■ R. 
Taking account of the pullback of the line field i, this yields the composite map 

(1) R% L*{-p{T^S))^eRx ^ 

Definition 2.3. Given an immersion Lq : i? —)• S of a 1-manifold and a path a : [0,1] —)• R, 
the Maslov index /i(Lo,^)o, is dehned to be the Maslov index of a with respect to 

£q and i. When clear from context this will be denoted or simply fj,{a). 

As explicit examples (and to explain our conventions), if S = M^, £ is the horizontal line 

field, and R is the parabola y = then the path a : [—1,1] —)• R given by t i—>• 

satisfies y{a) = 1. If /3 : [0,1] —> i? is given by /3(t) = and 7 : [—1,0] —> i? is given by 

7 (t) = (t, t^), then ^(/3) = 1 and ^( 7 ) = 0. 

The basic properties of /r, including its dependence on the choice of the background line 
field i on S', are well known and easily understood using obstruction theory. We summarize 
the facts we need in the following Proposition. 

Proposition 2.4. 

i. If Lq : R ^ S is an immersion of a 1-manifold and a,/3 : [0,1] —)• i? are continuous 
paths with a{l) = /3(0), then y{Lo,i)a and fi{Lo,£)^ depend only on the homotopy 
classes of a and (3 rel boundary. Moreover, /r(Lo,^)a */3 = fi{Lo,i)a + 

ii. If R = and a{t) = 0 < t < 1, then p{LQ,i)a is unchanged by a regular 

homotopy of Lq. More generally, if R is any 1-manifold and a : [0,1] —)• i? arbitrary, 
then p{Lo,i)a is unchanged by a regular homotopy of Lq : R ^ S which leaves a(0) 
and 0 ( 1 ) and the tangent spaces of Lq at these points stationary. 

hi. If i' is any other line field, let z G [S,S^] = = Hom(i7i(S), Z) denote the 

homotopy class of the difference map (i.e., i'fs) = z{s)£{s)). Here, we identify 
with MP^, so that one rotation corresponds to a rotation of a line through an angle 
of TT. If a : [0, 1] ^ R is a loop, then fi{LQ,i')a = ii{LQ,tja + z{Lq o a). 


We next dehne the triple index T{iQ,ii,I). 

Definition 2.5. Suppose that s G S. Given a pair Iq, ii of transverse 1-dimensional subspaces 
of TgS, let it,t G [0,1] be the shortest clockwise path from Iq to ii. Then dehne the triple 
index 

t{£q,£\, 1 ) = -y{It,£)[o,i] G {0,1} 

When io,ii and I are pairwise transverse, T{£o,ii,i) is equal to 1 if Iq passes through £ 
when rotating £q negatively (clockwise) to £1] otherwise t{£q,£i,£) = 0. See Figure]^ 

The triple index has the following properties: if .^ 0 ,^ 1 , ^2 are pairwise transverse, then 

(2) t{£i,£2,£o) = t{£q,£i,£2) and t{£i,£q,£) = 1 - r(4,^i,^2) 
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Figure 2. 

Let Lfc : -Rfc —^ <5, ^ = 0,1, 2, ..., n — 1, be a sequence of pairwise transverse unobstructed 
immersed curves. Let pk be an intersection point of L^-i and Lk for k = We 

consider the indices cyclically ordered, so that Ln = Lq and po = pn- Figure [^illustrates the 
notation. 



Definition 2.6. Given an ordered list Lq, Li, ..., L„_i of pairwise transverse unobstructed 
immersed curves and a sequence of intersection points pn = po,pi, ■ ■ ■ ,Pn-i with pi £ 
Lj_i n Li, define TTi{pi,... ,pn) to be the homotopy rel boundary classes of n-tuples of paths 
(70,... ,7n-i), where 7^ is a path in from (the first coordinate of the) intersection point 
Pk f O Pk+1 ■ 


The reader will notice that pn = po is placed last in the notation, in contrast to the order 
of the Li (and 7 *) where Lq is placed first. This is motivated by the fact that it is often 
useful to treat pq = pn differently than the rest of the pk , for example in the definition of the 
differential and, more generally, the ^00 strnctnre on the Fukaya category of S (see Definition 


2.13 below). In particular, this ensures that notation to be introdnced below for an n-gon 


from (pi,... ,Pn-i) to Pn = Po is as simple as possible. 


Definition 2.7. Define tt 2 {pi, ■ ■ ■ ,Pn) to be homotopy classes of pairs (n, (70,...,7n-i)) 
where (70,..., 7^-1) G 7ri(pi,... ,pn), and u : —)• 5 is a continuous map so that the 

(counterclockwise) boundary of is sent to the loop 

((Lo o 7o) * • • • * {Ln-i o 7„_i) )“\ 
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There is a well defined forgetful map 712 (^ 1 ,... ,pn) —)• tti (pi ,... ,pn) obtained by sending the 
equivalence class of {u, (70,..., 7n-i)) to that of (70, . .., 7n-i)- 

There is a well defined function 


0 : TTi{pi,... ,Pn) -t Hi{S), 0(70,... , 7 n-i) = “ [(-^0 o 70) * • • • * O 7„_i)] 

which vanishes on the image of the forgetful map 712 (^ 1 ,. . ■ ,Pn) —t T^iiPi, ■ ■ ■ ,Pn)- 

We use a “label clockwise, but orient the boundary of a disk counterclockwise” convention. 
This is why the inverse of the loop Lo(7o) * • • • * L„_i( 7 „_i) appears in Definition 2.7, and 
that the negative sign is used in the definition of 9. 

Given an intersection point pk of Lk_i and L^, 7 T 2 {pk,Pk) is a group. If 712 (^ 1 ,... ,Pn) is non¬ 
empty, then Tr2{pk,Pk) acts on 712 (^ 1 ,... ,Pn) by attaching r G n2{pk,Pk) to cj) € 712 (^ 1 ,... ,Pn) 
along the vertex pk to form a new map of the disk r •(/> G 712 (^ 1 ,.. . ,Pn)- 

In the case of a pair {Lq, Li), it is easy to check that 712 (^ 1 ,pi) acts freely and transitively 
on 7r2(pi,p2) for any p2 for which 7r2(pi,P2) is non-empty. 


Definition 2.8. Given an ordered list Lq, Li, ..., L„_i of pairwise transverse unobstructed 
immersed curves, intersection points pk G Lk-i n Lk, and an n-tuple of paths (70,... , 7 n-i) 
representing a class in 7ri(pi,... ,p„), define 

n—1 

Mas£(7o, ... , 7 n-i) = 1 - {0-iLkJ)'rk + r(Lfe, Lfc_i, 

k=0 

We describe a few equivalent formulas for Mas^. First notice that letting ak denote the 
reverse of the path 'jk, 

ak{t) = 7fc(l - t), 

then p{Lk,i)-y^, = -p{Lk,i)a,,- Next, -T{Lk, Lk-i,i)p^ is equal to fj,{Mk{t), i)[Q^i], where 
Mk{t) is the path of lines in Tp^S obtained as the shortest clockwise rotation of Tp^Lk to 
Tp^Lk-i. Hence 

n—1 

(3) Mas£(7o,...,7n-i) = 1 + X] + t^iMk{t),£)[ 0 ^i]) 

k=0 

which, by path additivity of the Maslov index, is one greater than the Maslov index with 
respect to the line field £ of the continuous loop in the projective tangent bundle of S: 

M := TLn-l\an-i * Mn-l * TLn- 2 \a „-2 * Mn-2 * ■ ■ ■ * TLo\ao * Mq, 


i.e., 

Mas£(7o,... ,7n-i) = 1 + p{M,£). 

As mentioned before, pq plays a special role, which motivates taking the continuous loop 
obtained by rotating clockwise at pk, k > 0, but rotating counterclockwise at pq: 

A := TLn-l\an-i * £kln-l * TL„_ 2 |a „_2 * Mn-2 * ■■■ * TLo|ao * -Nq 

where No(t) is the shortest counterclockwise rotation of Tp^Lo to Tp^Ln-i in Tp^S. Then 
using Q, 

(4) Mas£(7o,...,7n-i) = p(A,£), 

justifying the use of the notation Mas^. 
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Proposition 2.9. Given an ordered set Lo,...,Ln-i of pairwise transverse unobstructed 
immersed curves and intersection points pk of L^-i and L^, then Mas^ defines a function 
7ri{pi,... ,pn) —>• Z. If £' is another line field and z G H^{S) = [S, is the difference class, 
then 

Mas£/(7o,... ,7n-i) - Mas£(7o,.. ■ ,7n-i) = z{e{-fo ,... ,7n-i)). 

In particular, Mas^ depends only on the homotopy class of i, and the composite 

7r2(pi, . . . ,Pn) 7ri(pi, ■ ■ ■■.Pn) Zi 

is independent of the choice of line field i. 

Furthermore, Mas^ has the properties: 

i. (Splicing) If q is another intersection point of Lq and L^, and 7 g, 7 q, 7 ^,, 7 (( are paths 
so that 7 ( 1 ( 1 ) = q = 7 (,'( 0 ), 7 ^( 1 ) = q = 7 ((( 0 ), 70 = 7o * 7o; and 7 ^ = 7 ^, * 7 ", then 

Mas£( 7 o,...,7n-i) = Mas£( 7 o, 7i, • • ■, 7fc-i, 7^ + Mas£( 7 fc, 7 ^+ 1 ,..., 7 ^- 1 , 7 ( 1 ). 

ii. (Path reversal) Let ak{t) = 'yk{l — t). Then 

Maseian-i,an-2,... ,ao) = 2- n- Mas£(7o,7i,.. • ,7n-i)- 

hi. (Cyclic invariance) Mas£( 7 o, 7 i,.. ■ ,7n-i) = Mas£( 7 i,... , 7 „_i, 7 o). 

Proof. The homotopy invariance property of the Maslov index /i and Equation @ shows that 
Mas£( 7 o,... , 7 n-i) depends only on the homotopy class of i and the class of ( 70 ,... , 7 n-i) 
in 7 ri(pi,... ,pn). 


gives 

Mas£/(7o,... , 7 n-i) - Mas£(7o,.. • , 7 n-i) = = z(0(jo, ■ ■ • , 7 n-i))- 

If (70, ... ,7n-i) lies in the image of 712(^1, ... ,pn) 7ri(pi, ... ,pn), then 0 ( 70 ,.. • ,7n-i) = 0 
in Hi{S), and hence Mas£( 7 o, ... ,7n-i) is independent of i. 

The three properties are easily checked using path additivity of u,(—,i) and the identity 

2.4. Immersed polygons. Define an n-gon in to be a pair {D, (/3o, /3i,..., j3n-\)) where 
D C is a closed topological disc, and (/3o, fi ,..., fin-i) is a sequence of smooth embeddings 
of the unit interval in with image in the boundary of D so that 

i. /3fe(l) = /3fc+i(0) for A: = 0,..., n (with /3„ = /3o), 

ii. the composite path /3o * • • • * fdn-i forms an embedded simple closed curve in 
which forms the clockwise boundary of D, 

iii. the fk meet transversely at their endpoints. 

Definition 2.10. Given a pair (S, {Lq, ... ,Ln-i)), where S is an oriented surface and L^. : 
Rk ^ S, A: = 0,..., n — 1 are pairwise transverse immersions of 1-manifolds into S, define an 
an immersed n-gon in S for the ordered n-tuple {Lq, ..., Ln-i) through the points {pi,..., ,pn) 
to be a triple consisting of 

i. an n-gon in {/3q,/3i, ..., Pn-i)), 

ii. a representative n-tuple of paths ( 70 ,... , 7 n-i) for a class in vri(pi,... ,Pn), 

iii. an orientation preserving immersion u : D ^ S satisfying n o o 7 ;.. 


If i,i' are two different line fields and 2 ; G II^{S) is their difference class, Proposition 2.4 
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We use the brief notation u for the triple 

{{D, (/3o,... ,/3n_i)), ( 70 ,... , 7 „_i),u ; D 5), 

and we call this an immersed n-gon for the ordered n-tuple (Lq, ..., Ln-i) from {pi,... ,Pn-i) 
to po =pn- 

Define the Maslov index of an immersed n-gon in S by 


Mas(M) = Mas£(7o,.. • , 7 n-i) 

for any line held L Since an immersed n-gon represents an element of 712 (^ 1 ,... ,Pn)^ it follows 
from Proposition 2.9 that Mas(n) is independent of the choice of line held 


Figure [^indicates the corresponding model examples of 2-gons and 3-gons in S' = 


— in>2. 




Figure 4. A 2-gon of Maslov index 1 from ptoq for the ordered pair (Lq, Li) 
and a 3-gon of Maslov index 0 from (p, q) to r for the ordered triple 
(Lq, Li, L2). 


Notice that an n-gon in is just a special (embedded) case of an immersed n-gon in the 
surface S = As such, its Maslov index can be easily computed by taking, for example, 
any line held of constant slope. For example, the 5-gon of Figure has Maslov index —1. 
One can see this by taking i to be the vertical line held. Then = 0 for i = 0,1, 2, 3 

and = —2. Also T{Lk,L]^_i,t}p^ equals 1 for /c = 0,2,3,4 and t{Li,Lq 

so Mas = 1 — (-2-1-4) = —1. This calculation easily generalizes to yield the following 
proposition. 

Proposition 2.11. Let {D,f3Q,..., ftn-i) he an n-gon in M^. Let k{D) G {0,... ,n} denote 
the number of non-convex corners of D. 

Then any immersed n-gon u : D ^ S satisfies 

Mas(n) = 3 — n -|- k{D). 


□ 


2.5. The differential and maps. We recall the dehnitions of the differential and maps 
Hn next. Our goal is to relate a Lagrangian-Floer theory to singular instanton homology, 
which is the homology of a chain complex rather than a cochain complex, and hence our 
orientation conventions differ slightly from the similar constructions in the literature which 
typically produce cochain complexes. 
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Definition 2.12. Fix an ordered n-tuple (Lq, Li, , Ln-i) of distinct unobstructed pairwise 
transverse immersed curves in S and intersection points pk of Lfc_i and L^. 

Two immersed n-gons in S through {pi,... ,pn), u : D ^ S,u' : D' ^ S are called 
equivalent if there is an orientation preserving diffeomorphism ?/> : D —)• D' so that u = u' otp. 

The set of equivalence classes of immersed n-gons with Maslov index 3 — n for the ordered 
n-tuple (To,..., T„_i) through {pi, ...,Pn) is denoted by (Pi, • • ■ ,Pn), or simply 

by .y^{pi,... ,pn) when the order of the is clear from context. 

When n > 3, the list {pi,... ,pn) determines the order (Lq, ..., T„_i). Cyclically permut¬ 
ing the n-tuple (Lq, ..., T„_i) and the points {pi,... ,pn) preserves immersed bigons and the 
Maslov index, and hence 

(Pl; • • • iPrC} • • • ;Pn;Pl)- 

When n = 2, care must be taken with the ordering since the ordered pair {po,pi) does 
not determine the order of Lq,Li. In particular, ^Lo,Li{p,q) = -^Lx,Lo{(1,p)i but these are 
different from ^LuLo{p,q) = 

Given a finite set X, let G F 2 denote the number of elements of X mod 2. Recall that 
C{Lq, Li) is defined to be the free F 2 vector space on the intersection points of Lq and Li. 

Definition 2.13. Fix an ordered n-tuple {Lq, ..., Ln-i) of unobstructed pairwise trans¬ 
verse curves in S. Suppose n — 1 intersection points pk of Tfc-i and L^ are given for 
k = 1,... ,n — 1, with the property that for every intersection point q of Lq and Ln-i, 
^Lo,...,L„-i(Pi, • • ■ ,Pn-i,Q') is finite. 

Define 

Pn-l{PU-■ ■ ,Pn-l) = ^ {#‘^Lo,...,L„_i{pi,---,Pn-l,q)) q in C {Lq, Ln-l). 

qGLQOLn—i 

If ^Lo,...,L„-i{pi, ■ ■ ■ ,Pn) is finite for all choices of intersection points (j?i,... ,Pn-i) CLud 
Pn, then pn-i defines a linear map: 

Pn-l ■ C{Lq, Li) (g) C{Li,L2) 0 • • • (g) C{Ln-2, Ln-l) —> C{Lq, Ln-l). 

Most important for us is the map pi, which we also denote by d. Explicitly 
(5) d : C{Lo,Li)C{L q,Li), dp= ^ #^LoMiP^Q) Q 

q&LonLi 

Recall that we call representatives of ■y^Lo,Li{p, q) 2-gons from p to g for {Lo,Li), so dp is 
the linear combination of intersection points q weighted by the mod 2 count of 2-gons with 
Maslov index 1 from p to q. 

Since they occur frequently, we call a 2-gon with Maslov index 1 a bigon. Note that a 
bigon from p to q for the ordered pair (Lq, Li) is also a bigon from q to p for (Li, Lq), but is 
not a bigon from q to p for {Lq,Li). See the paragraph following Definition |2. 12 

Figurej^shows the curve Li of Figurej^and another unobstructed curve Lq. These intersect 
in eight points. Two intersection points p, q are indicated, and the image of a bigon from p 
to q for the pair {Lq, Li) is shaded. The reader should check that there is precisely one other 
bigon between Lq and Li, joining a different pair of intersection points. 
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Figure 5. A bigon from p to q. 

The following is proved in Abouzaid’s article [I]. In that article, coefficients are taken in 
a Novikov ring (over Z) to account for the possibility that ■y^Lo,Li{Q,p) is inhnite. Since this 
will not be the case in our applications, we set the Novikov variable t equal to 1 and reduce 
the coefficients from Z to F 2 . 

Theorem 2.14 (Abouzaid [1]). Let {Lq,Li) he a pair of unobstructed transverse immersed 
curves in S, and assume that ■y^Lo,Li{p,Q) is finite for all intersection points p,q of Lq and 
Li. Then d : C{Lq,Li) —>■ C{Lq,Li) satisfies = 0. □ 

For example, the chain complex C{Lq, Li) for the pair (Lq, Li) illustrated in Figure]^ (see 
also Figures]^ andis generated by the eight intersection points of Lq and Li. Two bigons 
(one of which is shaded in Figure]^ define a non-trivial differential d of rank 2. The resulting 
homology has rank four. 

More generally, Abouzaid proves in [T] that the pn-, n > 2 satisfy the An relations for all 
n when {Lq, ... ,Ln-i) are pairwise transverse unobstructed immersed curves with no triple 
points. 

We will only use the A 2 and A 3 relations in the present article and so we write them out 
explicitly. (We refer to [H [3] for the formulas for the A„ relations.) The A 2 relation says 

(6) p 2 {pi{x), y) + P 2 {x, Pi{y)) + Pi{p 2 {x, y)) = 0, 

and the A 3 relation says 

, , P3{Tl{x),y, z) + P3{x, Pl{y), z) + P3{x, y, Pl{z))) + P2{p2{x, y),z) 

+ P 2 {x, P 2 {y, z)) + Pl{p3{x, y, z)) = 0 

These hold when all the sets of equivalence classes of n-gons of Maslov index 3 — n, n = 2, 3, 4 
which appear in the formulas defining each term in Equation Q or Q are finite. 

3. Restricted Lagrangians in the pillowcase 

In this section, we will apply the constructions of Section to the pillowcase. 
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3.1. The pillowcase. The pillowcase P is the quotient of the torus by the hyperelliptic 
involution. It is a topological 2-sphere with four singular points corresponding to the four 
fixed points of the involution. For concreteness, define P to be the quotient of by the 
group of orientation preserving isometries generated by the maps 

(7, e)^ {-f + 27 r, 9), (7, ( 9 ) ^ {^,9 + 27 t), (7, 9) H- (-7, -9) 

(this group is a semi-direct product I? x Z/2). The quotient map is a branched covering 
( 8 ) ^ P. 

A fundamental domain for the action is given by the rectangle ( 7 , 9) G [0, vr] x [0, 27r]. We will 
frequently specify a point in P by giving its coordinates ( 7 , 0 ) G We refer to points in 
(vrZ)^ as lattice points. The four singular points of P, which we call the corners, make up the 
image of the lattice points. Our theory will take place in the complement of the corners, so it 
is convenient to adopt the notation P* = \ (vrZ)^) /(Z^ x Z/2). Note that P* inherits an 

orientation and a symplectic structure from the standard orientation and symplectic structure 
d'y A d9 on \ (vrZ)^ via the branched covering ([^. 

The pillowcase P is illustrated in two ways in Figure One should view the figure on 
the left as obtained by folding the fundamental domain [0, vr] x [0, 27r] for the branched cover 
Q, illustrated on the right, along [0,7r] x {tt} and making identifications along the edges 
as indicated. The front face is the image of [0, vr] x [0, tt] and the back face is the image of 
[0,7r] X [ 71 , 2 - 71 ], upside down. In Figure]^ we have also indicated the immersed circle Li of 
Figure [ 1 } 




Figure 6. Two depictions of the pillowcase P. The immersed circle Li of 
Figure is indicated on the right. 


3.2. A line field on the pillowcase. To apply the Maslov index constructions described 
in Section a line field on P* is needed. We fix a line field £inst in a particular homotopy 
class, so that the Z/4 grading we construct below using the Maslov index matches the Z/4 


















16 


MATTHEW HEDDEN, CHRISTOPHER M. HERALD, AND PAUL KIRK 


grading on singular instanton knot homology. The connection to gauge theory is explained 
in Section [H 

The line field ^mst is somewhat complicated to depict or calculate with, as it twists along 
the edges of the pillowcase. Our approach in calculations is to keep track of the mod 4 
Maslov index information determined by fjnst by instead using a pair where £ is a 

simple (constant slope) line field and ^ G keeps track of the extra twisting of 

^inst relative to i, as described in Proposition |2.4[ 

Any constant slope line field on is invariant under the k Z/2 action and hence its 
restriction to \ (vrZ)^ descends to a line field on P*. Call such a line field a constant slope 
line held on P*. We will make frequent use of the slope one line held on and hence we 
give it the label £i. 

Definition 3.1. Let z G Lf^(P*;Z/4) = Hom(iLi(P*),Z/4) denote the unique cohomology 
class which assigns 1 G Z/4 to each small loop circling a corner counterclockwise. 

Immersed circles 7 : 5^ —)■ P* satisfy = 2 ( 7 ) mod 2. They need not be equal 

modulo 4, however. For example, if 7 is the boundary of a smoothly embedded disk in 
P*, then /i( 7 ,^i) = ±2 and z{'y) = 0. For a small embedded loop encircling one corner 
of P counterclockwise, /r( 7 , £ 1 ) = 1 = z{'y). For the curve Li illustrated in Figure and 
the right in Figure!^ = 0 = z{Li). For the curves Lq® depicted in Figure!^ 

Definition 3.2. Fix a map z : P* ^ so that its class i G H^{P*\'L) = [P*, 5^] is a lift of 
the class z. Think of as acting freely and transitively on lines in M^. Dehne the instanton 
line field by: 

(9) 

•^inst (p) = z{p)ii{p). 

The homotopy class of the line held £inst depends on choice of lift z, as do Maslov indices 
computed using ^inst, however, 

(10) /i(L, Anst) = Ai(L, h) + z{L) mod 4. 

3.3. Proper arcs in P. 

Definition 3.3. Dehne a proper immersion of an interval L : / —)• P to be the image under 
the branched cover (|^ of a smooth immersion L : / —)• which takes the two endpoints of 
the interval to (ttZ)^ and the interior to \ (vrZ)^. We call the slopes of L at the endpoints 
(which are determined by L) the limiting slopes of L. Note that a proper immersion cannot 
spiral inhnitely many times as it limits to a corner. 

In order to easily apply the results of [T], it is convenient to work in a compact surface 
with boundary. It will suffice for our purposes to simply remove a small neighborhood of the 
corners. More precisely, given some small <5 > 0, let P 5 C P denote the image under the 
branched cover ([^ of the subspace of obtained by removing open 6 neighborhoods of the 
lattice points. 

If P is a compact 1-manifold with boundary and Pi : P —>• P is a proper immersion (as 
defined above) on each arc, and maps each circle of P into P*, then for <5 > 0 small enough 
so that the 6 disks miss the circle components. Pi (P) H P^ is a properly immersed compact 
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1-manifold in the compact surface Ps- In the following, we will typically write P instead 
of Ps, with the understanding that 5 is chosen small enough to miss circle components and 
result in arc components transverse to the boundary. 

3.4. Perturbation functions and a family of isotopies of P. Let 


^ = {f £C° 


f{x + 27r) = f{x),f odd}. 


We call this the space of perturbation functions. It is a vector space, and is preserved by 
pre-composition by x i—)■ x -|- vr. In particular, /(vr) = 0 for all / G . The sine function is a 
member of . 

The usual terminology in the literature describes perturbation data as a choice of an 
embedded solid torus and a conjugation invariant function on SU{2), which together are used 
to define a gauge invariant perturbation of the Chern-Simons functional. In our notation, an 
element f a SP \s> the derivative of such a conjugation invariant function on SU{2), restricted 
to the maximal torus. The function / determines the effect on the critical set of Chern- 
Simons function. More precisely, / determines which flat connections on the complement 
of the perturbation solid torus extend to be perturbed flat on the solid torus, so it is more 


convenient for us to refer to these functions in our pertubation data. See Section 8.2 for more 
details. 

We associate, to each perturbation function <7 G an isotopy of the pillowcase by: 

(11) Cg : P X I ^ P, Cg{{'y, 9),s) = ( 7 , 9 + sg{-f)). 

Since c-g{cg{p, s), s) = p, Cg{—, s) is a homeomorphism and hence Cg is an isotopy starting at 
the identity. Notice that Cg fixes the left and right edges of the pillowcase. 

The formula (11) shows that Cg lifts to a Hamiltonian isotopy of which is Z k Z/2 
invariant and fixes the vertical lines {x = nvr}. In particular, we can think of Cg as a 
Hamiltonian isotopy of P*, or of the orbifold P. 

3.5. The family Lg® of immersed circles in the pillowcase. In the applications to 
singular instanton homology in Section we show that a 2-tangle decomposition of a knot 
gives rise to two unobstructed immersed curves Lq,Li in P*, which in turn define a chain 
complex C{Lq,Li) as in Section]^ Identification of the immersed circle Lq, which depends 
on a parameter e 7^ 0 , was accomplished in IIHI Theorem 7.1]. In order to ensure we can 
choose Lq transverse to Li we enlarge the family of Lq to include the isotopies described 
above. 


Let A C P denote the arc of slope one, i.e., the diagonal arc 

(12) A = {( 7 , 7 ) I 7 G [ 0 , 7 r]}. 

Definition 3.4. Fix an e > 0 and g £ PP . Let Lg^ : ^ P* denote the immersion given 

as the composite of the map 

(13) Lq^ (t) = {t + €sm{t) +'^,t — esm{t) + ^ + g{t + esin{t) + ^)), t G [0, 27r] 
with the branched cover —?■ P of Equation , so 


: [ 0 , 277 ] 


T ^,9 
^0 , 


P\ 


(14) 
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The image of Lq^ in P* for <7 = 0 and e small is illustrated in Figure]^ and also in Figure 
As e and g approach zero, limits to a generically 2-1 map onto A, with two points 
mapping to corners. 



Figure 7 . The curve Tq’° in P. 


Note that LQ^{t) = Cg{LQ^{t), 1), so that Lq® is isotopic to Lq°. In particular, the family 


for e > 0 small are self-transverse with one double point. Furthermore, 


of immersions 
Lg® is an unobstructed circle in the sense of Definition 


2.1 


The following easily proved genericity lemma says that given any unobstructed immersed 
curve Li, arbitrarily small e,g can be found so that Li and Lg® are transverse. 


Lemma 3.5. Given an unobstructed immersed circle or arc Li, there exist e > 0 and <5 > 0 
arbitrarily close to zero so that, with g{x) = (5sin(x), Lg^ and Li are transverse. □ 


3.6. Restricted immersed arcs and circles. To complete the construction of a Z/4 rel¬ 
atively graded chain complex we refine the notion of an unobstructed curve. Experts will 
recognize this notion as a Z/4 variant of Seidel’s notion of a graded Lagrangian ( |31[ H]). 


Definition 3.6. 

A restricted immersed circle in P* is an unobstructed immersed circle Li : ^ P* which 

satisfies /r(Li(5^),.^inst) = 0 mod 4, or, equivalently, + z(Li(5^)) = 0 mod 4. 

A restr icted immersed arc in P is a proper immersion on an interval (in the sense of 
3.3) Li : / —)• P such that Li{I) n Ps is unobstructed for small 5 > 0. 


Dehnition 


A restricted immersed curve is either a restricted immersed circle or a restricted immersed 


arc. 


The curves and the curve Li of Figurej^are restricted immersed circles. An embedded 
circle L encircling one corner of P counterclockwise is unobstructed but not restricted since 
/i(L,f'i) + z{L) = 2. The image of any straight line segment in joining two lattice points 
whose interior misses the lattice is mapped via the branched cover Q to a restricted immersed 
arc. 
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3.7. A relative Z/4 grading. We revisit the notation and constructions of Section]^ in the 
context of restricted immersed curves. Recall that for simplicity we write H Lj for the set 
of intersection points of with Lj (see Definition 2.2). 


Definition 3.7. Given an ordered list (Lq, ..., Dn-i) of pairwise transverse restricted im¬ 
mersed curves, define 


gfLoM^-Ln-i • (-^0 n Li) X {Li n L2) x • • • x (Ln-2 n Ln-i) X {Ln-I n Lo) — t z/4 


by 


5?’Lo,Li,...,L„-i(Pi, ■ • • ,Pn) = Mas£;„^^(7o, ... ,7n-i) mod 4 


for any choice of ( 70 ,..., 7n-i) e ■ ■ ■ ,Pn)- 


Proposition 3.8. Given an ordered list (Lq, ... ,L„_i) of pairwise transverse restricted im¬ 
mersed curves, 

i- 9^Lo,Li,...,Ln-i{pi, ■ ■ ■ ,Pn) is independent of the choice 0 /( 70 ,... ,7n) and is invariant 
under simultaneous cyclic permutations of Lq, Li, ..., Z„_i and pi, ■ ■ ■ ,Pn-i,Pn = 

Po¬ 
ll. If q is another intersection point of Lq and L^, then 

9nLo,Li,...,Ln-i{Pl-i ■ ■ ■ iPn) 

= fl'?’LoZi,...Afc(Pl)P 2 , • • • ,Pk, q) + fl'l’LoZfc,Ufe+i,-Un-i(9)Pfc+D • • ■,Pn-l,Pn)- 

hi- 9rLr^-i,L„-2,-,Lo{Pn-l,Pn-l, ■ ■ ■ ,Pl,Pn) = 2 - n - 5?’Lo,Ul,...,Un-i(PDP2, • ■ .,Pn-l,Pn)- 
In particular, 

grLoMiP^^) = grioMiP^^) + grioM^P^P) = 0 , 


9rLuLo{q,P) = grLoMiP^g) = -9rLo,Li{q,p), 
and if -y^LoMiP^g) non-empty, then 5?’Lo,Li (p, O') = 1- 


Proof. The assumption that the L^ are restricted immersed curves implies that the mod 4 
reduction of Mas^^^^j (70,..., 7n-i) is independent of the choice of paths 7^ and therefore 
9'i"Lo,Li,...,L„-iiPi, • • • ,Pn) is well defined. 

□ 


The remaining assertions follow from their counterparts in Proposition 2.9 


The function : {Lq n Li)^ — >■ Z/4 is called the relative grading on C{Lq,Li). 

Proposition 3.8 and Equation ^ imply that the differential (if defined) d : C{Lq,Li) —)• 
C{Lq,Li) lowers the relative grading by 1, i.e., {C{Lq, Li), d) is a chain (rather than a 
cochain) complex. 


We thank Matt Hogancamp for formulating the following corollary. Its proof follows quickly 
from Proposition 3.8, and we omit it. 


Corollary 3.9. Given an ordered list {Lq, ..., Ln-i) of pairwise transverse restricted im¬ 
mersed curves, 

n 

9rLo,Li,...,L„-i{Pl, ---iPn) - g'rLoM,-Ln-l{qii ■■■iqn) = y^,9rLk-i,Lk{Pk,qk)- 

k=l 
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Moreover, if there exists a Maslov index kp immersed n-gon through (pi,... ,Pn) and a Maslov 
index kq immersed n-gon through (gi,..., qn), then 

n —1 

grLo,L„-iiPn, Qn) = kq - kp + ^ (Pfc, qk) 

k=l 

□ 


In the next lemma, we provide a practical formula for gr^^^L^ in terms of the slope 1 line 
field and the reversed paths Oik{t) = 7^(1 — t). We find this formula to be the simplest to 
remember, and most of the subsequent calculations of relative gradings in this paper are ob¬ 
tained using this formula, without referring back to Maslov index definitions and conventions. 
The omitted proof consists applying Equation Q and Proposition 2.9 to the difference class 


Lemma 3.10. The relative TLj^ grading on C{Lq,Li) is given as follows. 

Let p, q be intersection points of Lq with Li, let oq be a path in Lq from p to q, let ai he 
a path in Li from q to p, r(Lo, Li,£i)p and t{Lq, Li,£i) the triple indices with respect to the 
slope 1 line field ii- Then 
(15) 

grLoMiP^d) = PiLo,h)ao+p{Li,£i)ai -\-T{LQ,Li,ii)p-T{Lo,Li,ii)q-\- z{LQ{ao)* Li{ai)). 

□ 


When the order is clear from context, we write gr{p,q) rather than grLq,L^_{p-,q) for the 
relative Z/4 grading on C{Lq, Lf). 

3.8. Finiteness of bigons. When {Lq,Li) is an transverse pair of restricted immersed 
curves, we have constructed a relative Z/4 grading on the vector space C{Lq, Li) spanned by 
the intersection points of Lq : i?o —)• P* and Li : —)> P. To show that C{Lq, Li) is a chain 
complex, we must show that q) = ■y^Lo,Li{p, q) is finite for any pair intersection points 

p, q. To this end we introduce the notion of an admissible pair. 

Definition 3.11. A pair 

(Lq : Rq P, Li : Ri ^ P) 

of restricted immersed curves in P is called an admissible pair provided: 

i. at least one of Lq or Li is a restricted immersed circle, 

ii. if ao : ^ Rq and oi : Ri are loops so that Lq o oq and Li o oi are freely 

homotopic, then both uq and ai are nullhomotopic (this holds automatically if one 
of Lq, Li is a restricted immersed arc, since restricted immersed circles are essential), 

iii. Lq and Li intersect transversely. 

If we put a complete hyperbolic metric on P *, then the second assumption is equivalent to 
the requirement that the unique geodesic representatives of the homotopy classes of Lq and 
Li are transverse. 

Given an admissible pair of restricted curves Lq,Li, to each element of tt G T^2{p-,q) one 
can assign a local degree function fu, which is an integer valued function with domain the set 
of complementary regions of Lq U Li, i.e., the path components of P* \ {Lq U Li). Its value on 
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a complementary region is the signed number of preimages of a regular value of any smooth 
representative of u. 

Lemma 3.12. For each pair {p, q) of intersection points, TT 2 ip, q) is either empty or contains 
a unique element. 


Proof. Since vr 2 (p, q) is either empty or else vr 2 (p,p) acts transitively on it 2 {p, q), it suffices to 
prove that 'n' 2 {p,p) contains a unique class, namely the class of the constant map. 

Write p = {po,pi) G Rq x Ri- Given {u, ( 70 , 71 )) ^ '^ 2 {p,p), 7o (resp. 71 ) is a loop in Rq 
(resp. Ri) based at po (resp. pi). If Ri is an arc, then Li o 71 is homotopic rel endpoints 
to the constant path, and hence so is 79 . If Ri is a circle, then the second assumption of 
Definition 3.11 implies that 70 and 71 are nullhomotopic loops. Either way, the images L 0070 
and Li o 71 in P* are homotopic loops based at p. 

By the homotopy extension property, {u, ( 70 , 71 )) may be homotoped in iT 2 {p,p) so that 
70 and 71 are constant. But then u sends the entire boundary of the bigon to p, and hence 
represents a class in 712 (P*) = 0. Thus we may further homotop u rel boundary to the 
constant map and so tt 2 {p,p) = 0 , as desired. □ 


Corollary 3.13. Given an admissible pair {Lq,Li), each set ./^{p,q) is either empty or 
contains one equivalence class of bigons. 


Proof. Fix intersection points p and q, and suppose that .J^{p,q) is non-empty. Choose 
two immersed bigons u,u' from p to q. Lemma 3.12 implies that 712 (p,g) contains a unique 
element, so their local degree functions are equal. Moreover, since u (and u') are immersed 
by an orientation preserving immersion, /„ = /„/ takes only non-negative values. 

Standard arguments now show that u and u' can be reconstructed from the data of their 
local degrees up to reparameterization, so that u and u' are equivalent. For example, see [29l 
Theorem 6.8], whose proof applies verbatim to our setting by passing to a compact simply 
connected submanifold of the universal cover of P*. □ 


Remark 3.14. That ./# {p, q) is finite (which is all we require for the assertions in the present 
article) when Lq and Pi are self-transverse immersions can be shown even more easily, as 
follows. Label the closure of the complementary regions of P* \ ( image(Po) U image(Pi)) by 
Ai, ... ,Am. Notice that the boundary of each Ai is a union of arcs ctij- meeting at convex 
double points. The set of all such arcs, {ajj}, can be partitioned into pairs which map to the 
same arc in P*, and hence each pair comes with an identification so that the surface obtained 
by identifying these two arcs immerses into P*. 

li u G tt2{p,q) has all local degrees fu{Ai) non-negative, take fu{Ai) copies of Ai, i = 
1,..., m, and label the corresponding edges as k = 1,..., fu{Ai). There are finitely 

many ways of pairing all the arcs {oti^j-^k} and gluing them to get a surface which immerses 
each copy of Ai to its corresponding complementary region. Any immersed bigon from p to 
q must be equivalent to one of these resulting glued surfaces, hence there are finitely many 
bigons. 


From Theorem 2.14, Proposition |3.8t and Corollary 3.13| we conclude the following. 


Theorem 3.15. If (Po,Pi) is an admissible pair, then {C{LQ,Li),d) is a relatively Z/4 
graded chain complex with F 2 coefficients. □ 
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Definition 3.16. Call the Z/4 graded homology of {C{LQ,Li),d) the Lagrangian-Floer ho¬ 
mology of the {Lq,Li) and denote it by HF{Lq,Li). 


3.9. Example: Calculation of HF{Lq,Li) for Lq = and Li the restricted im¬ 
mersed circle of Figure]^ The pair (Lo,Ti) is admissible. In Figure]^ the eight intersec¬ 
tion points of the Lagrangian Li of Figure with Lq° are labeled p, q, r, s, t, u, v, w. There is 
a bigon from p to q and hence gr{p, q) = 1. Similarly, there is a bigon from w to v and hence 
gr{w, v) = 1. 

We compute gr{q, s) = 1 in detail next. Let oq be the path in Lq starting at q, heading 
down and to the left, around the lower left corner, then back up to s. Let ai be the short arc 
on Li form s back to q. Then /i(Lo, = 1 (there is one tangency at the upper right part 
of the figure, near (0,27r)), ij.{Li,ii)a^ = 0 since the arc oi is everywhere transverse to the 
slope 1 line field ii. Next, t{Lq, Li,ii) equals 0 at g and 1 at s, and z{Lo{ao) * Li(ai)) = 1 
since the loop Lo(ao) *Li(q:i) goes once around the lower left corner counterclockwise. Using 
Equation (15) we conclude: 


gr{q, s) = 1 + 0 + 0 — = 

An identical argument gives gr{t,p) = 1, gr{v,r) = 1, and gr{u,w) = 1. 

One more calculation is required to complete the calculation of the relative grading, for 
example gr(t, r). Take ao to be the path in Lq from t to r which heads down and to the left, 
around the bottom left corner clockwise, then back up to t. Take ai the path in Li from r 
back to t which starts by heading to the right, then down and continuing along Li until it 
returns to t. Then p{Lo,ii)ao = 1, = 1, T{Lo,Li,£i)t = 0, T{Lo,Li,ii)r = 1, and 

z{Lo{ao) * Li(ai)) = 0. Thus 


gr{t, r) = 1 + 1 + 0 — 1 + 0 = 1 . 


From these calculations and additivity of the relative grading, we conclude that gr{p, r) = 
0, gr{p, q) = gr{p, u) = l,gr{p, s) = gr{p, w) = 2, gr{p, t) = gr{p, v) = 3. Hence C(Lo, Li) has 
rank 2 in each grading. There are only two Maslov index 1 bigons, and hence the differential 
is given hy dp = q and dv = w, and so the homology has rank 1 in each grading. 


We introduce a bit of notation that will simplify our descriptions of the Z/4 gradings. The 
notation (no, ni, n 2 , ns) with rii non-negative integers denotes the Z/4 graded vector space 
(over F 2 ) whose dimension on grading i is n*. Thus, for this example, 

C(Lo, Li) = (2, 2, 2, 2) and HF{Lo, Li) = (1,1,1,1). 


4. HOMOTOPY INVARIANCE 

We show that the relatively Z/4 graded group F[F{Lq, Li) depends only on the homotopy 
classes of Lq and Li (rel boundary) in P*. Our argument follows the approach taken in [U 
Proposition 4.1] and presumably will be somewhat familiar to experts. It is worth noting 
that we make no requirement that the curves be related by a Hamiltonian isotopy. 

Theorem 4.1. Let {Lq,Li) and {Lq, L[) be two admissible pairs which satisfy: 
i. the admissible circles Lq,Lq are freely homotopic. 
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Figure 8. The eight intersection points of Lq and Li generating C{Lq,Li). 

ii. If Li,L'^ are immersed restrieted circles they are freely homotopic. If Li,L'^ are 
immersed restricted arcs, they are homotopic rel endpoints. Assume also that near 
their endpoints, Li and L'^ intersect only at their endpoint. 
hi. Lq, Li, L'q, L'l are pairwise transverse and have no triple points. 

Then 

HF{Lo,L,)^HF{L^o,L[). 
as relatively 'LjA: graded F 2 vector spaces. 

Proof. In order to avoid the proliferation of sub and superscripts, we make the following 
notational changes. Set 

A := Lq, B := Li, C := Lq, D := L'^. 

And we must show that 

HF{A,B) = HF{C,D). 

Consider A and C as immersions of the unit circle A,C : —)• P*. Also, consider B and 

D as immersions of the real line M to P*, with the understanding that if Ri is a circle, then 
B and D are 2tt periodic and, if Pi is an arc, then we identify the interior of Pi (which maps 
by B, D to P*) with M. In brief, B and D are immersions of M to P* which are periodic if 
Pi is a circle and proper if Pi is an arc. The second condition in the hypotheses implies that 
outside some compact set in M, B and D are disjoint embeddings, but with the same limit 
points at ± 00 . 
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Let X = ^(1). The immersion A induces a homomorphism on fundamental groups. Con¬ 
sider the infinite cyclic subgroup 

Z = Image : 7ri(S'^,l) —)• 'Ki{P*,x) 


and let 

denote the (non-regular) cover corresponding to Z. Thus A \ ^ P* lifts to ^4 : —)• S, 

with ^(1) = X. 

Since ^ —)• S generates 7ri(S,:r) = Z = Z, the preimage of A in the universal cover 

P* = connected, in fact the image of an immersion A : M —)• Since ^4 = Lq is 

unobstructed, A is an embedding, from which it follows that vl : —?• S is an embedding. 
(In the following, we use the notation A, B, C, D for lifts of A, B, C to S, and A, B, C, D for 
lifts to the universal cover M^.) 

It can be easily shown, for example using elementary hyperbolic geometry, that S is dif- 
feomorphic to the cylinder 5^ x M. Fix such a diffeomorphism and the corresponding cover 

{S^ X R,x) {P*,x). 


Let F : X [0,1] —^ P* be a homotopy from A to C. Let P : x [0,1] —)■ x M be the 
unique lift of F satisfying P(l, 0) = x. Let C{z) = F{z, 1). Then C is a lift of (7 to x M, 
and, as with A, C is an embedding. In particular, since A and C are homotopic embedded 
curves in x M, 2 I and C are isotopic. 


The following three lemmas will complete the proof of Theorem 4.1 


Lemma 4.2. If A and C meet transversely in precisely two points, then HF{A,B) = 
HF{C, B) and HF{A, D) = HF{C, D) as relatively graded F 2 vector spaces. 


Lemma 4.3. There exists a sequence Aq, Aj, ... ,Ar of homotopic restricted immersed circles 
so that Aq = a, Ar = C, and A^ intersects transversely in two points. 


Lemma 4.4. HF{A,B) = HF{A,D) as relatively TLjA: graded F 2 vector spaces. 


Proof of Lemma f.2. U 
are illustrated in Figure 


to diffeomorphism of the cylinder P^ x M, the curves A and C 
Also illustrated is a third curve Af which meets A transversely 
in two points. We assume that AA is very (C^) close to A, so that the preimage of B is 
also transverse to A' and induces a bijection between the intersection points. Three pairs of 
intersection points d,b £ ACi B, f,c G A' (1 C, and b,d £ ACi A' are illustrated. Define A' 
to be the image of A' under the covering map P^ x M —)> P*, and let a,b,..., f denote the 
images of a, 6,..., / in P*. 

We now summarize some facts about the maps /i 2 and defined in Definition 2.13 that 


will be used to complete Lemma 4.2 


Lemma 4.5. Consider b as a generator of C{A,C), e as a generator of C{A, A') and f as 
a generator of C{C, A'). Then: 

i. For any x £ C (1 B and y £ ACi B, the set .AAA,c,B{b, x, y) is finite. 

ii. For any x £ A' (1 B and y £ C Cl B, the set ^c,A',Bif, x, y) is finite. 

hi. For any x £ A' (1 B and y £ ACi B, the set .^A,A',s(e, x, y) is finite. 
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iv. For any x £ A' (1 B and y G An B, the set ^A,c,A'F{b, /, x, y) is finite. 

Hence the maps pL2{b,—) : C{C,B) — )■ C{A,B), y2{f,—) ■ C{A',B) — )■ C{C,B), //2(e, —) : 
C{A', B) ^ C{A, B) and f,—) : C{A', B) ^ C{A, B) are well defined. 


Proof. For the first statement, first note that to each class (j) £ 712(6, x,y) one can assign an 
integer local degree to each complementary region of ^UC'U-B, i.e., to each path component 
of P* \ (^ U C U i?) (see the proof of Corollary 3.13). 

The homotopy group 712(6, 6) corresponding to the pair A, C acts on 712(6, x, y) correspond¬ 
ing to the ordered triple {A, C,B) by attaching a bigon from 6 to 6 to the vertex of a triangle 
with vertices 6, x, y at 6. We show this action is transitive. From Figure one sees that there 
exists Ti G 712(6,6) whose two boundary loops represent generators of 'Ki{A) and 7ri(C'). Let 
Tn denote the nth power of ri. 

Suppose that G 712(6, x,y). Denote the image of fik in 7ri(6, x,y) by {okj^k, fik), k = 

1, 2, where ak is a path in A from y to 6, 7^ is a path in C from 6 to x and fik is a path in 
B from X to y. 

The loop 7i * 7^^ in C based at 6 represents some multiple of the generator of 7ri(C'). 
Hence, by replacing (j )2 by • (/)2 for the appropriate n, one may assume that 71 * 7^^ is 
nullhomotopic. Using the homotopy extension property we may arrange that 71 =72. 

The triangles cfi and 4>2 then glue together along 71 and 72 to provide a free homotopy 
of the loop fii * in B to the loop ai * in B. Since B form an admissible pair 
(Definition |3.1l[ ) it follows that ai * and fii * are nullhomotopic, so that ai, 02 (resp. 
fii, 132 ) are homotopic rel endpoints. We may therefore replace (p 2 by another map in the 
same homotopy class so that ai = 02 and fii = [32 ■ Gluing fii to (j )2 along the boundary arcs 
ak, fik and jk yields a class in 7r2(P*) = 0. Hence = 4>2- We have shown that 712(6, 6) acts 
transitively on 712(6, x, y). 

A class r G 712(6, 6) determines local degrees for each complementary region of An C, and 
hence also for each complementary region of An C 13 B. Lifting to the cylinder, one sees 
that 712(6, 6) = 712(6, 6) = Z, with n G Z corresponding to the class Tn £ 712(6, 6), whose local 
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degrees in 5 ^ x M\ {AuC) are n and —n in the two bounded regions of x M\ (AuC), and 0 in 
both unbounded regions. Let Wi and VF3 denote the two bounded regions in x ]R\ (ylUC), 
and W2 and VF4 denote the two unbounded regions, indexed so that moving clockwise around 
b they are ordered Wi, W2, W3, W4 and so that the local degrees of Tn are n, 0, —n, 0. (see 
Figure [Tof with n = ni and n2 = 0 .) 

If [/ C P* is a small evenly covered disc neighborhood of b, only finitely many of the 
components of the preimage of C/ in x M meet Wi and W3. Suppose that Ki such 
components meet Wi and K2 meet W3 . Let K = Ki — K2 ■ Then in P*, the local degrees of 
Tn about b are, in clockwise order, n + Kn, Kn, —n + Kn, Kn. 

Fix cj) G Tr2{y,x,b) and let di,d2,d3,d4 denote local degrees of cj) in the four quadrants 
around b. The local degrees of • <^ are just the sum of the local degrees of and cj). Thus the 
local degrees of Tn- 4 > around b are, in clockwise order, di+n+Kn, d2+Kn, ^3—n+iLn, d4^+Kn. 

On the other hand, if • iji is represented by a Maslov index 0 immersed 3 -gon, then all 
its corners are convex (Proposition | 2 . 1 l| ) and so the local degrees near b must take the form 
r + 1 , r, r, r moving clockwise around b, for some non-negative integer r. In particular, 

\di — d3 + 2 n\ = |(di -|- n -|- Kn) — {ds — n + Kn)\ < 1 , 


and so at most two of the classes Tn ■ 4 > support Maslov index 0 immersed 3 -gons. Each such 
class determines a finite number of immersed 3 -gons, by the same argument given in Remark 
3.14 Thus ^{b,x,y) is finite. 

The proofs of the second and third assertions are the same, and we leave them to the 
reader. 

The last assertion has a similar proof, so we outline it, highlighting the differences. The or¬ 
dered 4 -tuple {A, C, A', B) gives rise to the sets .^(6, /, x, y) and 712(6, /, x, y). Since A, C, A' 
are homotopic and A, B form an admissible pair, a similar argument to that used in the 
triangle case shows that any two classes £ ^12(6,/, x, y) are related by the action of 

712(6,6) X 712(7,/): one first lets 7r2(6, 6) act on 4 >i to make the boundary paths of </>i and 
(j)2 along A agree, then let 7r2(/,/) act to make the boundary paths along C agree. Gluing 
the two rectangles along these edges yields a twice punctured sphere, giving a free homotopy 
from a loop in A’ to a loop in B, and since {A\B) forms an admissible pair, these loops are 
both nullhomotopic. The argument then proceeds as in the 3 -gon case to conclude that there 
exists Tni G 712(6, 6) and pn^ G 712(7, 7 ) so that r„2 • pn^ • 7 >i = </'2- 

Fix (j) G TT2{b, f, x,y) and assume its local multipicities in the four quadrants clockwise 
around 6 are (di, <^2, ds, (64). In the four quadrants near 6, the multiplicities of G 711(6,6) 
are, in clockwise order, ni,0, —ni,0 and the multiplicities of pn2 G 712 ( 7 , 7 ) n2,n2,0,0. 

Figure [T0| illustrates the contributions of and pn2 to the local multiplicities near 6. 


As in the triangle case, the local multiplicities of t „2 • Pm • 4 > near 6 are, in clockwise order, 
di -|- ni -|- n2 -|- K, d2 + K,d3 — ni + n2 + K, ^4 -|- K, where K is a function of ni and 712 which 
takes into account how many of the preimages of 6 in x M lie in the complementary regions 
on which Tn2 and Pm are supported. But to represent an orientation preserving immersed 
4 -gon of Maslov index — 1 , all corners are convex (Proposition | 2 .li| ), and hence these numbers 
must be a cyclic permutation of (r -|- l,r, r, r) for some non-negative integer r. This implies 
that 

\di — d3 + 2ni\ < 1 and \di + ni + n2 — di\ < 1 , 
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Figure 10 . The local multiplicities of pn2 and around b 


which is only possible for at most four choices of ni,n2- Thus only finitely many classes 
in 712(6,/,x,y) snpport immersed Maslov index —1 rectangles, and as in Remark 3.14 this 
implies that ^{b, f, x,y) is finite. □ 


Continuing the proof of Lemma Consider 6 as a generator of C(A, C). Any bigon from 
6 to another intersection point of A with C has a nniqne lift to the cover x M, and hence 
mnst be a bigon from 6 to a. From Fignre one sees that there are precisely 2 such bigons 
up to equivalence, and hence db = 2 a = 0 (we are using F2 coefficients). Thus 6 is a cycle. 
Similar arguments show that e G C{A,A') and / G C{C,A') are also cycles. 

The map p2 satisfies the A2 relation, which, applied to 6 and an arbitrary x G C{C,B) 
(writing d instead of pi) says: 


0 = p2{db, x) + p2{b, dx) + dp2{b, x). 


Since db = 0 , this implies that P2{b, —) : C{C,B) —)■ C{A,B) is a chain map. 

The cycle / G C{C,A') determines a chain map /i2(/, —) : C{A',B) —)■ C{C,B). The 
product 112(6,/) G C{A,A') equals e, since immersed triangles lift to the cover, and there is 
precisely one oriented immersed Maslov index zero triangle for the ordered triple (A, C, A') 
from (6, /) to x for an intersection point x of A and A/ namely the embedded triangle with 
X = e. Similarly, the cycle e = 1/2(6, /) determines a chain map 

l/2(e,-):C(A',i?)^C(A,S). 

The A3 relation gives, for an arbitrary generator x of C(A', B): 

0 = 1/3(56, /, x) + 113(6, df, x) + 1/3(6, /, dx) + 1/2(112(6, f),x) + 1/2(6,1/2(7, x)) + 51/3(6, /, x) 

= H{dx) + i/2(e,x) + 1/2(6,-) o 1/2(7, x) +dH{x) 


where H : C{A', B) —>• C{A, B) is defined by H(x) = 1/3(6, /, x). In other words, H is a chain 
homotopy from the composite 

(T(A', B) C{C, B) C(A, B) 
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to 

: C{A', B)^C{A, B). 

Now /i2(e, —) is a chain isomorphism: this is an immediate consequence of the fact that A 
and A' are close, so that each intersection point p' of A! with B corresponds to precisely 
one intersection point p of ^ with B, the correspondence induced by a unique Maslov index 
0 immersed triangle associated to the ordered triple {A, A', B) From {e,p') to p. This proves 
that the map p2ib,—) : C{C,B) —)■ C{A,B) induces a surjection HF{C,B) —)■ HF{A,B), 
for any B. 

The fact that p2{b,—) induces an injection HF{C,B) —>■ HF{A,B) for any B is proved 
by a very similar argument as surjection, using the immersed curves illustrated in Figure 
|ll[ In this case, C' is a curve close to C, and one shows that z G C{C',A) is a cycle, 
P2{z, b) = w G C{C\ C), and the composite of chain maps 

C{C, B) c{A, B) C(C', B) 

is chain homotopic to the chain isomorphism p,2i'w,—) ■ C{C,B) —)• C{C',B). This proves 
fJ'2ib, —) induces an injection HF{C, B) —)> HF{A, B) for any B. 



Finally we show that the relative Z /4 grading is preserved. Suppose that xi,X2 G C{C, B) 
and p,2{b,xi) = ^^2{b-,X2) = "^jnjZj in C{A,B), with mi,nj non-zero. Hence 

there exist Maslov index zero immersed 3 -gons for the ordered triple {A,C,B) from (6, xi) 
to Ui and from (6, X2) to Zj. 

Then Corollary | 3 . 9 | gives 

9rA,B{yi,Zj) = grc,B{xi,X2) + grA,c{b,b) = grB,c{xi,X2). 

This says that the chain map p2{b,—) : C{C,B) —)• C{A,B) preserves the relative Z /4 
grading, and hence also the induced map on homology. The same argument shows the 
chain maps /U2(/, —) and p2(e, —) preserve the relative grading. Thus, p,2{b,—) induces an 
isomorphism HF{A, B) —)■ F[F{A, C) of relatively Z /4 graded vector spaces. □ 
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Proof of Lemma 4-3 ■ HA and C intersect non-trivially (hence in an even number of points), 


then the existence of the sequence Aq = A, Ai,..., A^ = C with the stated property is an 
immediate consequence of Lemma 4.2 of [T]. If and C are disjoint, then one can take a 
parallel copy of A and perform a Reidemeister 2 move that introduces a pair of intersection 
points with A and a pair with B. □ 


Proof of Lemma 4-4 ■ H B and D are homotopic restricted immersed circles, then the proof 


follows exactly along the same lines as the proof of Lemmas 4.2 and 4 . 3 , reversing the roles 
(and order) of A, C and B, D. 

If B and D are homotopic restricted immersed arcs, then a different proof is needed. It is 
convenient to put a complete hyperbolic metric on P* and to let BI —)• P* denote the universal 
cover. Let P : M —>■ H be a lift of B. Since D is homotopic rel endpoints to B, there is a lift 
P : M —)■ H of P with the same limit points at the circle at infinity. The assumption that the 
limiting slopes at the endspoints are distinct and that B and P are transverse imply that 
the closures of B and P in the closed disk El intersect in finitely many points. 

If B and P are disjoint, then their closures bound a bigon in El with vertices on the circle 
at inhnity. If B and P intersect in one point, then clearly there are a pair of bigons with 
boundary in their closures, each including one point on the boundary of El. Finally, if P n P 
consists of more than one point, then the result of D.B.A Epstein m Lemma 3 . 2 ] (see also 
[6l Lemma A. 10 ]) shows that one can find an embedded bigon in El for P and P. 

In each of these three cases, one can find a sequence of embedded arcs P = Pq, Pi,..., Pr = 
P in El so that P^ intersects Pfc+i transversely in one interior point and in their endpoints. 
The argument is illustrated in Figure [T^ The figure on the left corresponds to the first case, 
when P n P = 0 . The figure on the right corresponds to the third case, where an interior 
bigon between P and P is used to construct an arc Pi which intersects Pq = P in one interior 
point and P in two fewer points, providing the required induction step. If P and P started 
out with an odd number of intersection points in their interior, one eventually reaches P^ 
which meets P in one point in their interior, and if they started out with an even number 
of intersection points in their interior, one reaches P^ whose interior misses P, in which case 
one can add one more step as in the first case. 




Figure 12. 














30 


MATTHEW HEDDEN, CHRISTOPHER M. HERALD, AND PAUL KIRK 


Thus, proving HF{A, B) = HF{A, D) reduces to the case when the lifts B and D intersect 
transversely in one interior point, as illustrated in Figure 13 (after perhaps exchanging the 
notation for B and D). 



Figure 13. 


We choose an arc D' close to and isotopic rel endpoints to D, as in Figure 13 Not shown 


is the restricted immersed circle A, but we assume that there are no triple points of A, B, D. 
This ensures that A misses a neighborhood of x containing u and w. We also assume that 
the bigons near the ends involving e,g,f, and z are small enough that that A misses them. 
We use these facts, the fact that immersed n-gons lift to the universal cover, and the An 


relations to finish the proof of Lemma 4.4 


The counterpart to Lemma 4.5 is much simpler in the case of arcs. Consider the ordered 
triple {A,D,B). If p € A D D, q € D D B, and r € A D B, and then T^ 2 (p,q,r) is either 
empty or contains a single class. If fact, if {ui, f3i)) £ 7r2{p,q,r), i = 1,2, then since 

B and D are arcs we may use the homotopy extension property to assume f3i = ^2 and 
7i = 72 - Then gluing ui to U 2 along Ui and /3i shows that is nullhomotopic, so 

that we may assume further than 71 = 72 . Since 712 (P*) = 0, it follows that ui = U 2 
in 'K 2 {p,q,r), As before, this implies that ^{p,q,r) is finite, and hence /i 2 : C{A,D) x 
C{D,B) —)> C{A,B) is defined. The same argument applies to the triple {A,D,D') to show 
that /i 2 : C{A, D) x C{D, D') —>■ C{A, D') is defined, and to the 4-tuple {A, D, B, D') to show 
that : C{A, D) x C{D, B) x C{B, D') -£■ C{A, D') is defined. 

Using the same notation for points in the universal cover and their images in P*, we see 
that = 0 in C{D,B), hence the A 2 relation shows that p 2 {—-,x) : C{A,D) —>■ C{A,B) is 
a chain map. 
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Observe that d{y + z) = 2w = {) \n C{B,D'). Also, e + f = fj, 2 {x,y + z) in C{D,D'). 
Furthermore, d{e +f) = 2u = 0. Hence iJ. 2 {—,e + f) : C{A,D) —>■ C{A,D') is a chain map. In 
fact , /i 2 (—, e + /) is a chain isomorphism, since D is close to D' and A misses neighborhoods 
of ± 00 , so there is a unique intersection point w' of A with D' for each intersection point w 
of A with D. If w lies between e and u, then y 2 {w, e) = w' and y 2 {w, /) = 0, and if w lies 
between x and /, then fi 2 iw, f) = w' and y 2 {w, e) = 0 . 

Substituting these calculations into the A 3 relation 

0 = fi 3 {dw, x,y + z) + fisiw, dx, y + z) + ysiw, x, d{y + z)) 

+ y 2 ifJ- 2 {w, x),y + z) + ii 2 {w, y 2 {x, y + z)) + dysiw, x,y + z) 


and defining H : C{A,D) —)• C{A,D') by H{w) = ^i 3 {w,x,y + z) yields 

0 = Hd{w) + yL 2 {^J^' 2 {w,x),y + z) + yL 2 {w,e + f) + dH{w). 

So that the chain isomorphism /i 2 (—, e + /) : C{A, D) —>■ C{A, D') is chain homotopic to the 

composite C{A,D) — C{A,B) C{A^D'). Hence the chain map fi 2 i—,x) : 

C{A, D) —)■ C{A, B) is injective for all restricted immersed circles A so that {A, B) and (A, D) 
are admissible. 

The reader can safely be left the task of showing that yL 2 {—,x) : C{A,D) —)■ C{A,B) is 
injective for all restricted immersed circles A, by producing an embedded B' close to B and 
constructing a right inverse to // 2 (~) x). This is done by analogy with the symmetry between 
Figures and 11, The fact that the relative Z/4 gradings is preserved is proved as before. 

□ 


This completes the proof of Lemma 4.4 and hence also the proof of Theorem 4.1 


Corollary 4 . 6 . iLF(Lo’^,Li) is independent of e > 0, the function g and the homotopy class 
ofLi. □ 


5. Calculus 


In this section, we make four technical but useful observations which streamline the cal¬ 
culation of HF{Lq,Li) when Lq = . These calculations demonstrate the ease of working 

with the slope 1 line field (.1 and Equation (15). 


5.1. We show gr[x-\-,X-) = 1 when x is a transverse intersection of Li with the diagonal 
arc, and x+,x_ the two corresponding intersection points with Lq = Lg^ for e > 0 and g 
small, as indicated in Figure [T4| We take oq to be the path in Lq starting at x+ which heads 
down and to the left, around the bottom left corner, and back up to x_. The path ai from 
X- back to x+ is the short path which contains the diagonal intersection point x. 

In this case, g{aQ,ii) = 1, ^(ai,£i) = 0, r(Lo, Li, 4)^,^ = 0, t{Lq,Li,Ii)^_ = 1, and 
z{aQ * ai) = 1 yielding gr{x+^ x_) = 1 . 


5.2. Suppose that Li intersects the diagonal arc A transversely and that Lq = Lg® for 
e > 0 and g small. Suppose p,q are intersection points between Lq and A. Let p+,q+ be 
the corresponding intersection points with the part of Lq in the front of P which has slope 


slightly less than 1, as indicated in Figure 14 


Then the arc ao along Lq from to 5 + can be chosen to lie entirely on the front face of 
the pillowcase, and has slope slightly than 1, hence fj,{aQ,£i) = 0. Moreover, since the slope 
of ii equals 1, Li is transverse to A, and e and g are small, the triple index terms r at p_|_ 
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Figure 14. 


and (?+ are both zero. This leaves only the terms /i(ai,£i) and z{aoai) in the formula for 
the grading. Therefore, in this situation 

(16) gr{p+,q+) = piaiji) + z{ao * ai). 

A similar calculation applies to the other pair p-,q-. 


5.3. If R is an arc, Lq n Li may (and in our applications will) contain a distinguished point 
which may be used to promote the relative grading to an absolute grading. To understand 
the meaning of the following lemma, the reader should locate the distinguished point in 
the examples illustrated below in Figures [TSl [M| and 

Lemma 5.1. Suppose that Li : R ^ P is a restricted immersed arc and one of the endpoints 
(which we denote by r+), maps to the corner (0,0) of P with limiting slope bounded away 
from 1. Then for all small e, there is a unique continuously varying intersection point rf of 
Lq and Li satisfying lime^o?’+ = f+- 

Proof. This follows simply from the requirement that limiting slope bounded away from 1. □ 


23 


If Li satisfies the hypothesis of Lemma 5.1, then, given the additional data of a choice 


of a € one can endow HF{Lq, Li) with the absolute Z/4 grading which places in 
grading a. 

In our applications below, Li will be associated to a knot K in a homology 3-sphere. In 
this setting the hypotheses of Lemma 5.1 hold and we take a to be the signature of the knot 


K. 

5.4. A special class of restricted immersed circles, which we call vertically monotonic, arise 
in many of our examples and have particularly simple Lagrangian-Floer homology. 


Definition 5.2. Suppose that Li : i? —)• P* is a restricted immersed circle, with domain 
parameterized by [0, 27r], and let Li = {'y{t),6{t)) : [0, 27r] —>■ denote its lift to the branched 



• Call Li : R ^ P* vertically monotonic if Li misses the vertical line segments 7 = 
k'K,k G Z, and if its tangent slope satisfies | J:Li| > 1. Thus Li winds around the 


cover 
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pillowcase without intersecting the left or right edges, and is everywhere transverse 
to the line held l\ (as well as the slope —1 line held). 

• Dehne the vertical degree of Li to be the absolute value of the difference of the 
vertical coordinates of Li(27r) and Li(0). Thus 

d= ^I^(O) - 6'(27r)|. 

Notice that the vertical degree is a homotopy invariant. In particular, it is well 
dehned for any circle homotopic to a vertically monotonic circle. 


Proposition 5.3. Suppose that Li : R ^ P* is a vertically monotonic restricted immersed 
circle. Then the vertical degree d of Li is even. Moreover, fore small enough, all differentials 
are zero and HF{Lq,Li) has rank | in each of the 4 grading degrees. 

Proof. Since Li : i? —)• P* is vertically monotonic, it is transverse to the line held and 
hence = 0. Moreover, Lg^ is transverse to Li for all small enough e,g. Fix a 

transverse Lq = with e, g small. 

Since Li : [0, 27r] ^ misses the vertical line segments 7 = fevr, z{Li{R)) is equal to twice 
the vertical degree d of Li. Since z{Li{R)) = —g{Li{R)) mod 4, 2d = 0 mod 4 so that d is 
even. 

Let p, q be intersection points of Lq and Li and suppose that there were a bigon (u, oq, «i) 
from p to q. The bigon misses the corners of P and hence lifts to a bigon (ft, ao, di) in 
with one edge along the preimage of Li and one along the preimage of Lq. 

For e > 0 sufficiently small, the connected components of the preimage in of Lq are very 
close to lines of slope 1 through ( 0 ,/svr), and hence do is nearly a straight segment of slope 
1. On the other hand, since the tangent lines to Li have slope bounded away from 1, the lift 
di, which starts at do(l), cannot terminate at do(0), contradicting the fact that do and di 
bound a bigon. Hence, for sufficiently small e, there are no bigons, so that all differentials 
are zero. The circle Li{R) winds monotonically around P, intersecting the diagonal arc A 
in d points, and hence intersecting Lq in 2d points, so that HF[Lq, Lf) has rank 2d. 

It remains to calculate the relative gradings. Since Li is transverse to ^ 1 , Equation 16 
shows that this reduces to calculating z. One vertical wind around P encircles two corner 
points and therefore changes 2 ; by 2 mod 4. Hence the generators come in ^ pairs, and, 

alternate between contributing in 


14 


as explained in Section |5.1| and indicated in Figure 
(relative) gradings 0,1 and 2,3. This completes the argument. 


□ 


Proposition 5.3 can be strengthened by combining it with Corollary 4.6 as follows. 


Theorem 5.4. Suppose that Li : R ^ P* is a restricted immersed circle which misses the 
left and right edges of the pillowcase. Then the vertical degree d is defined and even, and for 
any e > 0 and g, HF{Lq^, Li) has rank | in each of the 4 grading degrees. 


Proof. Since Li misses the right and left edges of the pillowcase, it is homotopic to a vertically 
monotonic immersed circle. The proof is therefore a consequence of Corollary |4.6[ □ 


6. Traceless representation varieties of 2-stranded tangles 


Hereafter, a restricted immersed 1-manifold is a disjoint union of a single restricted im¬ 
mersed arc and a finite number of restricted immersed circles. This prompts us the make the 
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following changes in our notation. The first immersed curve, Lq = Lg® : P henceforth 

has domain the circle, and the domain of Li has multiple components, so we now use the 
symbol Rq to denote the arc component for Li. More precisely, suppose R is the disjoint 
union of an arc Rq and finitely many circles Pi,... ,Rn Ti : P —?■ P a map so that the 
restriction of Li to Pq is a restricted immersed arc and the restriction to each Pj, i > 1 is a 
restricted immersed circle. The Lagrangian-Floer homology H\Lq, Li) is defined to be the 
direct sum of the homologies HF{Lq^, LiIr.), where e,g are chosen so that (Pq^,Li|rJ form 
an admissible pair for each i. 

Each summand is relatively Z/4 graded, although initially there is neither a relative nor 
absolute Z/4 grading on all of H^{Lq, Li) if Li is not connected. The notation is adopted 
in order to indicate the relationship to the reduced instanton homology 


We now introduce traceless character varieties. We identify SU{2) with the set of unit 
quaternions throughout. For the basic properties of the unit quaternions and their Lie algebra, 
we refer the reader to Section 2 of [l 8 ] . A traceless quaternion means a quaternion with zero 
real part. 

Given a pair {A, B) consisting of a (compact) manifold and a properly embedded codimen¬ 
sion 2 submanifold, call a representation 7 ri(A\P) —)• SU{2) traceless if it sends all meridians 
of B to the conjugacy class (7(i) of i. Define the traceless character variety (or traceless flat 
moduli space) 

P(A, B) = {p\ 7 ri(A \B) ^ SU{2) \ p is traceless} /conjugation 
An embedding of pairs (Ai, Pi) C (A 2 , P 2 ) induces a restriction map R{A 2 , P 2 ) —t P(Ai, Pi). 

Consider a decomposition of a pair {X,K), where AT is a knot (or link) in a homology 
3-sphere X, and X contains a separating 2-sphere S G X which intersects K transversally in 
four points. We assume that one of the two regions S bounds is a 3-ball D, and that D Ci K 
is a standard trivial 2 -stranded tangle. 


(17) 


{X,K) = {Y,T)U(^s,{a,b,c,d}) iD,U) 


We refer to (17) as a 2-tangle decomposition associated to the knot {X,K). We fix an identi¬ 
fication D = P^ so that 


c = {( 

and fix an identification d{D, U) = 

^ = (72’®’■ 




t G 


1 1 
vA’ 


} 


(P2,{a,5,c,d}) with a = ( 75 , 0 ,^), 6 = (-^, 0 ,^), 
Tl)' ^ 2-tangle associated to the knot 


{X,K). 

Observe that to recover (X, K) from (T, T) requires only a choice of identification 

.:(y,r)-(p2,{a,6,c,d}) 


(in the same way that a Dehn filling is determined by a manifold with torus boundary and 
an identification of its boundary with the boundary of a solid torus). We will omit the choice 
of i from the notation since the identification will be clear from context. 
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To a 2-tangle decomposition of {X,K), one associates the diagram 

R{S, {a, 6, c, d}) 



rI„{X,K) 


where vr, tTe refer to certain holonomy perturbations vr" = vr U vig, and L) denotes the 

corresponding ir-perturbed traceless character variety. 

Holonomy perturbations are used to make the Chern-Simons function (whose Morse theory 
defines instanton homology) have only non-degenerate critical points. They are constructed 
and explained in the context of the traceless character varieties in |18l Section 7] and also in 


Section 8.2 below. They were introduced in gauge theory by by Donaldson, Floer, Taubes, 
and others [MESKIS]. 

It is not necessary for this article to unde rsta nd precisely what the t] superscript means 

below. But roughly, refers to 


6.2 


beyond knowing the statement of Theorem 
7?7r^(D, UUE), where E is an additional small meridian component to one of the components 
of U and one considers representations which come from flat connections on an SO{3) bundle 
with W 2 dual to an arc spanning U and E. This construction, introduced by Kronheimer- 
Mrowka in [2T], is an ingredient in the definition of reduced instanton knot homology. We 
refer to [mil] for the details. 

The space {a, 6, c, d}) is a pillowcase. Indeed the following simple proposition is 

proved in [18] (and elsewhere). In the statement we abuse notation and let a,b,c,d also 
denote the oriented meridians of the four punctures. 


Proposition 6.1 ([IE]) Proposition 3.1). There is a surjective quotient map 

V- : ^ i^(5^{a,6,c, d}) 

given by 

V^(7,0) : a ^ i, 6 ^ c ^ e^\ d ^ 

The map V’ induces a homeomorphism of the pillowcase P with R{S‘^, {a,h, c, d}). The four 
corner points are the image under if of the lattice (vrZ)^, and correspond to abelian non-central 
representations. All other points correspond to non-abelian representations. □ 

We urge the reader not to confuse (5*^, {a, b, c, d}) with the pillowcase P = R{S‘^, {a, b, c, d}), 
a homeomorphic space! 

The only fact we will need to recall about U) is the following, which follows imme¬ 

diately by combining 


Theorem 7.1] with Theorem 9.1, proved below. 


Theorem 6.2. Given any e > 0 and g G , there is a holonomy perturbation depending 
on e and g so that r\-^{D, U) is a circle, and the restrictio n to the pillowcase (the northwest 
map in Diagram (18)) is given by a map of Definition 3.4 D 
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What Proposition 6.1 and Theorem 6.2 tell us is that a decomposition of a knot or link 
into two 2-tangles, one of which is trivial, gives the pillowcase P and a map Lq ■. ^ P*. 

The remaining input needed to dehne a Lagrangian-Floer homology as in Section is 
provided by the 1-manifold R = RiY, T) and Li : R ^ P the restriction map RiY, T) —)• 
{a, 6, c, d}), as indicated in Diagram (18). 

Loosely speaking, Li : R{Y,T) —>■ R{S‘^,{a,b,c,d}) is generically a union of a restricted 
immersed arc and some number of restricted immersed circles. The arc arises as one compo¬ 
nent of the space of traceless binary dihedral representations of 7ri(y \T), and the endpoints 
correspond to the two conjugacy classes of abelian traceless representations (Theorem 3.2 of 

m-) 

It is not always literally true, however, that Li : R{Y, T) —)> P is a restricted immersed 
1-manifold. It is true for certain tangles associated to 2-bridge knots m Section 10], and 
for some, but not all torus knots m- 

In fact, there exist decompositions of knots for which R{Y, T), rather than being a smooth 
1-manifold, is instead a singular real algebraic variety of dimension greater than or equal to 
1. For example in 


[T8l Section 11] (see Figure 19) it is shown that for a tangle associated 
to the (3,4) torus knot, R{Y, T) is a singular 1-dimensional variety, homeomorphic to the 
letter </>. Many more examples are given in m- In general one can construct examples so 
that R{Y, T) is highly singular and has strata of high dimension by placing local knots in 
one of the strands of a 2-tangle. Hence the traceless character varieties RiY, T) must first be 
desingularized before we can apply the construction of the Lagrangian-Floer theory in the 
pillowcase. In order to preserve the relationship to gauge theory and instanton homology, we 
use holonomy perturbations to smooth R(Y,T). 

The space R{Y, T) for a certain natural 2-tangle decomposition of a torus knot is typically 
singular (SaED- We prove below that any torus knot admits a 2-tangle decomposition 
and an arbitrarily small holonomy perturbation tt so that R-,^iY,T) is a compact 1-manifold 
with two boundary points, and Li an immersion which satisfies all the requirements to be 
a restricted immersed 1-manifold except possibly the requirement that it have no fishtails. 
Based on index calculations and examples, it is reasonable to expect that for any knot, 
arbitrarily small holonomy perturbations exist which make Li : Rt^{Y,T) —?■ P a restricted 
immersed 1-manifold. 

Conjecture 6.3. For any 2-tangle {Y,T) in the 3-ball (or a homology 3-ball), there exist 
arbitrarily small holonomy perturbations vr so that Rt^(Y,T) is a compact 1-manifold with 
two boundary points and the restriction map Li : R-j^iY, T) —)• R{S'^, {a, b, c, d}) is a restricted 
immersed 1-manifold on each component in the sense of Definition \ 3 . 4 

Given a 2-tangle d ecom position of a knot and a perturbation vr which satisfies the con¬ 
clusion of Conjecture 6.3 denote by H^{Y,T,tt) the resulting Lagrangian-Floer homology of 
the complex C{Lq,Li). We will simplify this to H'^{Y,T) if the perturbation tt is clear from 
context. 

As explained in HH], if e 7 ^ 0 is small and Lq = Lff intersects Li transversely, then the 
intersection points of L p and Pi also form generators of the reduced instanton homology 
l'^{X,K). Theorem 


9.1 


implies that this holds for Pq = Pg small g ^ . 


We state this formally. 
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Proposition 6.4. Given a small perturbation tt which makes Li : Rt^{Y,T) P a restricted 
immersed 1-manifold and a transverse Lq = with e and g small, there is a (possibly 
different) differential 

Qkm ■ C{Lo, Li) —)• C{Lq, Li) 

so that the homology 0/ (C(-Lo,-Li), 5km) is the reduced instanton homology l'^{X,K). □ 

The differential Okm is defined by Kronheimer-Mrowka in terms of singular instantons on 
cylinders {X, K) x M. There is a well known procedure for producing approximate instan¬ 
tons from bigons in character varieties associated to lagrangian intersection diagrams; see for 
example |34[ Section 4], It is therefore not unreasonable to conjecture that there is a rela¬ 
tionship between l'^{X,K) and H\Y,T, tt). Indeed, we have found these to be isomorphic in 
every example we have computed. We extend Conjecture |6.3| to an optimistic “Atiyah-Floer” 
type conjecture; 


Conjecture 6.5. Given a knot {X,K) in a homology 3-sphere, there exists a 2-tangle 
decomposition as in Equation 0), such that for suitably small generic perturbations tt, 
Li : Rt^(Y,T) P is a restricted immersed 1-manifold and P[\Y,T,7r) is isomorphic to 
the reduced instanton homology l'^{X,K). 


In the remainder of this article we establish some partial results and carry out calculations 
which provide evidence for these conjectures. The reader should realize, however, that there 
are no non-zero differentials in C{Lq,Li) between generators which lie on different path 
components of Li. We know of no reason why this should be true for the instanton complex. It 
is likely that there are differentials in the instanton complex which don’t appear in C{Lq, Li). 
For example, the pairs of generators near each intersection point p of Li with the 

diagonal arc A, described in Section 5.1 arise from a holomony perturbation which “tilts” a 
Bott-Morse circle of critical points of the Chern-Simons function [18]. Analogy with finite¬ 


dimensional Morse theory suggests that there exists a cancelling pair of gradient flow lines 
(i.e., instantons) from to p- in the Kronheimer-Mrowka instanton complex, whereas there 
are no bigons connecting these points of intersection. 


6.1. Absolute gradiug. We remark that, by construction, H\Y,T,7r) splits as the direct 
sum over the path components Rq, Ri,... Rn of R{Y, T): 

H\Y,T,7t) = (BiH\Lo,Li{Ri)). 

and that each of the summands admits a relative Z/4 grading. The relative grading of 
the summand corresponding to the arc component i?o can be promoted to an absolute Z/4 
grading for small perturbations, using the knot signature, as follows. 

Assume that {X, K) := (Y, T) {D, U) is a 2-tangle decomposition of a knot K in an 
integer homology sphere X. The signature of K, cr{K), is an even integer. There are two 
traceless abelian representations of 7ri(y \T), r+ and r_ distinguished by the property that 
r_|_ extends to 7ri(A \ K) (and r_ does not). The point r+ is a Morse critical point of the 
Chern-Simons function, and a regular point of R{X,K). In particular, it remains regular 
after small perturbations. 

The points r_|_ and r_ are endpoints of an embedded arc of binary dihedral representations, 
which, by Theorem 3.2 of is the image in the pillowcase under the branched cover Q of 
an embedded linear segment joining two lattice points. This line segment has slope different 
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from 1 (the slope is different from 1 since the 2-fold branched cover of a knot in a homology 
sphere is a rational homology sphere, so the integer h{hc~^) in Theorem 3.2 of |17j is non¬ 
zero). In particular, the arc of binary dihedral representations is properly immersed (in fact, 
embedded) in P. 

Small perturbations only change the slopes near the endpoints slightly, and one can keep 
them bounded away from 1. By Lemma 5.1 there is a unique intersection point of R{Y^ T) 


and Lq’^ for all small e,g. We promote the relative grading of the subcomplex corresponding 
to the component Rq by declaring 


(19) 


gr{rX) = a{K) 


for small perturbations. 

We have not found an elementary approach to promote the relative grading of the gen¬ 
erators of the subcomplexes associated to the circle components Ri,i > 0, and so we will 
use the following awkward definition as a consequence of Proposition |6.4[ choose a generator 
on each circle component and declare its absolute grading to be the one assigned to it by 
Kronheimer-Mrowka in |23i Proposition 4.4]. 


A proof that the relative Z/4 grading of generators of C{Lo, Li) (Definition |3.7[ ) coincides 
with the grading assigned the these generators (by Proposition |6.4[ ) of singular instanton 
knot homology by [231 Proposition 4.4] is given by using splitting theorems for spectral flow 
1251 El [5]. We outline how this is done, referring to [5] for details. 

First, the relative grading is defined to be the mod 4 reduction of the spectral flow of the 
Hessian of the Chern-Simons function (acting on singular connections) along a path joining 
a pair ao,ai of critical points, i.e., perturbed flat connections. If the restrictions of ao,ai 
to P \ T can be joined by a smooth path of flat connections, i.e., by a smooth path in 
Rtt{Y,T), then the approach of [5l Theorem 3.9] can be modified to show that the spectral 
flow equals the Maslov index along the path of the tangent space of the immersed 1-manifold 
Rtt{Y,T) —>■ P* in the pillowcase, with respect to some a priori unknown line field 4nst, and 


hence is given as in Definition 3.7 


Changing the homotopy class of a line field determines a difference class z G 77^(P*; Z/4). 
The identification of 7inst is therefore equivalent to the identification of z. Its identification 


with the explicit class of Definition 3.1 is completed by calculating a few examples of 2-bridge 
knots, whose instanton homology is known, to deduce the values of z on a basis of 1-cycles 
in Hi{P*). 


This argument, combined with the additivity of spectral flow under composition of paths 
of self-adjoint operators, also shows that if Li : Pj —)• P* is an immersion of a smooth 
circle component Ri C Rt^{Y,T), then Li satisfies the condition p{Li{Ri),l\ast) = 0 mod 4 
required of restricted immersed circles. In this case, one uses the fact that the two smooth 
paths in Ri joining oq to ai must give the same relative Z/4 grading, since the relative 
grading in the singular instanton complex is well defined (and independent of the tangle 
decomposition). As the proof of Proposition 3.8 shows, this is only possible if Li : Pj —)• P* 
satisfies /u(Li(Pj),£inst) = 0 mod 4. 
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7. Examples: 2-bridge knots 


Two-bridge knots can be described as the union of two trivial tangles along a 4-punctured 
sphere. We recall some of the results about their tangle decompositions from m- In particu¬ 
lar, we will show that for such a tangle decompositions of a 2-bridge knot K, Li : R{Y, T) ^ P 
is a restricted immersed (in fact linearly embedded) arc which meets Lq transversely in 
det(i7) points, and that all differentials in the Lagrangian-Floer complex are zero. 

These facts, together with the identification of the relative Z/4 gradings in C{Lq,Li) and 
the singular instanton complex via a spectral flow splitting theorem as explained above, imply 
that H'^{Y,T) is isomorphic to the reduced instanton homology I^{S'^,K), which is known 
|23j to equal the reduced Khovanov homology of the mirror of K for a 2-bridge 

knot. We conjectured in [18] that placing the distinguished generator in grading (j{K) 
agrees with Kronheimer-Mrowka’s absolute grading |23l Proposition 4.4] (a conjecture borne 
out in all our calculations) and, modulo this point, for 2-bridge knots, 

and (with its bigrading (i,j) reduced io i — j + 1 mod 4) contain the same 

information. In particular, Conjecture |6.5| holds for 2-bridge knots. 

Suppose that (p, q) are relatively prime integers, with p odd and positive. Then there is 
a 2-bridge knot K = K{p, q) determined by the condition that its 2-fold branched cover is 
the lens space L{p, q). In (TH] Figure 13], a 2-tangle decomposition (5^, K) = (T, T) U (D, U) 
determined by a continued fraction expansion of | is described. It is proved that R(Y, T) is 
a smooth arc and the restriction map to the pillowcase is given, in coordinates, by 


R{Y, T) = [0,7r]3t^ {qt, {q - p)t) G P. 

Thus Li : R{Y, T) —)• P is a restricted embedded arc. In particular, no perturbation vr is 
needed to smooth R{Y, T). Hence we can choose Lq = Lq for a small e and form the chain 
complex C{Lq, Li). Since Li maps in linearly and Lq is close to the linear arc A, there can 
be no immersed bigons, and therefore all differentials are zero. 

There are p intersection points of Li with Lq. In fact, there are intersection points of 
{j{t),6{t)) = {qt, {q — p)t), t G [0,7r] with the arc A, these occur at 


( 20 ) 


Xi=[q^-f,{q-pr-f 


P 


= 01 

u, X, . . . , 2 • 


The points x^, £ > 0, each give rise to a pair of intersection points x'j,x^ of Li with Lq, 
and the point xq gives rise to the distinguished point of Lemma 5.1, Hence C{Lq, Li) and 


H'^{Y,T) have rank p. The intersection points are illustrated in the case of iF = K{\1, —5) 


(72 in the knot tables) in Figure 15 


We show how to calculate the gradings. First, the observation of Section 5.1 shows that 
gr{x{[,xj) = 1. Next, recall that we promote the relative grading to an absolute grading by 
setting gr{Pj^) = cr(iF) mod 4, where cr(iF) denotes the signature of the knot K. Thus the 
determination of all other gradings is reduced to calculating gr{Pj^, x^) for £ = 1,... ,p. 

The slope 4^ is not equal to ±1 since p and q are relatively prime. There are four different 
cases to be considered, depending on the slope. For simplicity we assume is positive and 
greater than 1; the other cases are treated similarly. 
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For each = 1,... ,p, one can find a path ao in Lq from to which lies on the 
front of the pillowcase. One can then take a path ai in Li from x'^ back to Notice that 
since Li is an arc, the path ai is unique. 

We are in the situation explained in Section 5.2 and can calculate gradings using the 
Equation (16). Since the tangent line to Li is everywhere transverse to the slope one line 
field ii, 

an entirely similar 


Equation (16) simplifies further to gr{r\ 

- 1 . 


The same formula holds when 
calculation yields gr{rl^,x'^) = z(aoai). 
We summarize: 


< 


^,xj) = z(aoai). 
When -1 < 2^ 


< 1 , 


Theorem 7.1. Let K = K{p,q) C be a 2-bridge knot with p > 0 odd, and equip it with 
the 2-tangle decomposition described in [ISl Figure 13]. Then Li : R{Y,T) P is a linearly 
embedded arc of slope 2^, and hence a restricted immersed arc. Taking Lq = with e > 0 

small, C{Lq,Li) has rank p, generated by the points r*f andx^,xf,£ = 1,...2^. T/ie Z/4 
grading is determined by 

gr{r%) = a{K), gr{xj,xf) = 1 
and, letting denote x^ if |2^| > 1 and xf if |2^| < 1 

gr{r%,x}) = z{a) 


where a is the loop in P* which starts at ri, follows Lq to xT then returns to ri along 


Li, and z G Ff^(P*;Z/4) is the class of Definition 
CiLo,Li)^H\Y,T). 


3.1 


All differentials are zero and hence 

□ 


The knot iF(ll,—5) has signature a = 2, and hence gr{rf) = 2. 
illustrated in Figure 


15 


The loop a which follows Lq from r 


to xf 


pillowcase and then follows Li back to satisfies z(a) = 2. Hence gr(r^ 
calculation applies to the other x'^ and yields 


The generators are 
on the front of the 
,Xi) = 2. A similar 


gr{r%,x^) = l,gr{P_^,x^) = 0,gr{P_^,xj) = 3, and gr{P_^,x'^) = 2. 

The gradings gr{r^,xf ) are computed using the fact that gr{x^,xf) = 1. Thus, in the 
notation introduced above, H\Y,T) = (3, 2, 3, 3). 

The choice {p,q) = (11,6) gives a different tangle decomposition for the same knot K = 
iF(ll,—5) = A'(ll,6). The resulting homology is again (3,2,3, 3). 

The choice (p, q) = (5, —3) yields a tangle decomposition of the Figure 8 knot. The map Li 
is illustrated (with different notation) in [THl Figure 16]. There are 5 generators, r^,xf,x^, 
and computing gradings using z yields pr(r^) = a{K) = 0,gr{xf) = 3,pr(x^) = 2, and 
hence = (1,1, 2,1). This agrees with the calculation of reduced instanton homology and 
reduced Khovanov homology of the Figure 8 knot. Choosing (p, q) = (5, 2) gives a different 
tangle decomposition for the Figure 8 knot, but again yields = (1,1,2,1). 

The trefoil knot corresponds to (p, q) = (3, —1); one calculates = (1,0,1,1). The same 
answer is obtained when taking instead (p, (?) = (3, 2). 


Theorem 7.1 can easily be used (and implemented in a computer algebra program) to 
compute H'^{Y,T) = for any 2-bridge knot K. In particular, this 
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Figure 15. The intersection of Lq and Li in P for the 2-bridge knot 


gives a novel approach to computing the reduced Khovanov homology of 2-bridge knots (with 
its bigrading (i, j) reduced to i — j + 1 mod 4). 

We point out that the main new ingredients contained in this discussion of 2-bridge knots 
which were not implicit in [18] are first, the construction of the complex C{Lo, Li) associated 
to a tangle decomposition of a 2-bridge knot, and second, the use of the cohomological 
invariant z G //^(P*;Z/4) and the Maslov index to define and compute the relative grading. 

8 . Some general properties of R{Y,T) 

8.1. Structure of R{Y,T) near the abelian points. Suppose that {Y,T) is a 2-tangle. 
Our goal (not fully realized in this article) is to establish Conjecture |6.3[ To this end, we start 
by showing that the two boundary points of R-^iY, T) are well defined for small perturbations, 
and correspond to the precisely two abelian representations in R{Y,T), namely the conjugacy 
classes of the two representations 

r±:7ri(F\r)^{±l,±i}c5C/(2) 

uniquely characterized (since Hi{Y \T) = Z © Z, generated by /ii, ^ 2 ) by 

= i,r±(p2) = ±i- 



42 


MATTHEW HEDDEN, CHRISTOPHER M. HERALD, AND PAUL KIRK 


The following proposition proves that r+ and r_ each have a neighborhood in R(Y, T) 
homeomorphic to a half-open interval. The outline of the argument is as follows: the space 
RiY, T) is identified with a subspace of the space of conjugacy classes of representations of the 
2-fold branched cover (the equivariant representations in the sense of [30] ). Then a Kuranishi 
model argument shows that the representation space is locally a half open interval near the 
lifts of r±. 


Proposition 8.1. For a 2-tangle T in an integer homology ball Y, each of the two abelian 
traceless representations r± has a neighborhood in R{Y, T) homeomorphic to a half-open in¬ 
terval. The restriction map to the pillowcase P properly embeds each half-open interval, taking 
the endpoints to distinct corners with limiting slope not equal to 1. 


The proof is an extension of nil Theorem 3.2]. That theorem identifies the subvariety 
jltbd^Y^ T) C R{Y, T) of traceless binary dihedral representations with the disjoint union of 
one arc and a number of circles (the number determined by the torsion submodule of the 
homology of the 2-fold branched cover of Y branched along T). The endpoints of the arc are 
precisely r+ and r_, and the arc of binary dihedrals is linearly embedded into the pillowcase 
with slope different from 1 (see Section 6.1). Hence what must be shown is that there are no 
non-binary dihedral representations in small enough neighborhoods of r±. 


We begin with a lemma which permits us to transfer the problem to one about the 2-fold 
branched cover of (Y, T). To this end, Let c : 7ri(y\r) —)• {±1} be the unique homomorphism 
sending both fii and /i 2 to — 1 (this is just the homomorphism = rf). Let B ^ Y denote 
the corresponding 2-fold branched cover. Denote the preimage of T by T. Consider 7ri(H\T) 
as the index 2 subgroup of 7ri(y \ T), i.e., as the kernel of c. Let fti,fL 2 denote the meridians 
of the two components of T. Hence, in 7ri(y \ T), fii = gif. 

Denote by R±i{B, T) the space of conjugacy classes of representations of 'Ki{B \ T) which 
take the pi to ±1. Since the square of a traceless element of 517(2) is —1, restriction to the 
index 2 subgroup defines a map 

R{Y,T) ^ R.i{B,f). 


Lemma 8.2. Pointwise multiplication by c defines a Z/2 action on R{Y,T) with fixed points 
the traceless binary dihedral representations. The restriction map R(Y,T) —?■ R-i{B,T) is 
constant on Z/2 orbits and embeds the quotient i?(y, r)/Z/2 C R-i{B,T). 


Assuming Lemma 8.2 


the proof of Proposition |8.1| can be completed as follows. 


Denote by by r± the restrictions of r± to the index 2 subgroup tti{B \ T). Then r± takes 
values in the center {±1} of 517(2) and r±{pi) = r±{pf) = —1. 

It follows that pointwise multiplication of a representation by 7+ dehnes a continuous map 
R-i(B,T) —)• Ri{B,T). This map is a homeomorphism (in fact real analytic isomorphism) 
with inverse given again by multiplication by r_|_. 

Let x{B) denote the space of conjugacy classes of (all) 517(2) representations of vri(H). 
The Seifert-Van Kampen theorem shows that the restriction x(H) —)> Ri(B,T) is a homeo¬ 
morphism. Hence we have a sequence of maps : 


R{Y,T) R{Y,T)l7.f2 C R-i{B,T) ^ Ri{B,T) ^ x(H). 
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It therefore suffices to prove that a neighborhood of in x{B) is homeomorphic to 

a half-open interval. Notice that f+f+ : —)• SU{2) is the trivial representation, and 

: 7ri(i3) —)■ SU{2) is central but non-trivial (it takes ^ 1^2 to —1). 

The 3-manifold B has torus boundary and has first homology isomorphic to Z © O for O 
an odd torsion abelian group, since T is a tangle in a homology ball (see m Section 3] for 
details). 

The Kuranishi method identifies a neighborhood of c± in R{B) with K~^{Q) / SU{2) , where 
K : H^{B] su{2)ad c±) su{2)ad c±)- The adjoint action of c± is trivial since c± is 

central, and hence these are untwisted cohomology groups with coefficients in su{2) = M^. 
The universal coefficient theorem gives H^{B;'R.^) = and H‘^{B,'R.^) = 0, so that c± has 
a neighborhood homeomorphic to ]R^/5't/(2) = M^/S'0(3) = [0,1), as desired. 


Proof of Lemma 8.2 First, if p represents a conjugacy class in R{Y,T), then the function 


C/o(7) = c{x)p{l) is again a representation, since c takes values in the center {±1}. Moreover, 
since kerc = 'Ki{B \ T), the restrictions of p and cp to 'Ki{B \ T) agree. Since = 1, this 
shows that multiplication by c defines a Z/2 action on R{Y, T) and the restriction R(Y, T) —)• 
Ri{B,T) factors through the quotient of this Z/2 action. 

Conversely, suppose pi,p 2 ■ T^iiY \ T) —)• SUi2) are two traceless representations whose 
restriction to the index 2 subgroup vri {B \ T) are equal. For clarity, denote this restriction 

by Pi so p Pi I kerc P2|kerc- 

We claim that, perhaps after conjugating p 2 without changing its restriction to ker c, pi(pi) 
and P 2 {pi) commute. To see this, first note that for each r G kerc, 

(21) pi(piTp/^) = p(pirp/^) = p2(piTp/^) 

so that 


( 22 ) 


[P2{Pl 


^ pi{pi), p{t)] = 1 for all r G kerc 
If p has non-abelian image. Equation (22) implies that p 2 {p\)~^p\{pi) is central, so that 


P 2 {pi) = ipi(pi) and hence they commute. If p has central image, then conjugating p 2 by 
any element of SU{2) does not change its restriction to kerc, and since pi (pi) and P2(pi) are 
traceless, they are conjugate. Hence p2 can be conjugated so that pi(p) = P2(p) and their 
restrictions to kerc agree. 

Consider as a final case that p has abelian non-central image. We show that again p2 can 
be conjugated without changing its restriction to kerc to make pi (pi) and P2(pi) commute. 
Choose a traceless quaternion q so that the image of p lies in the circle subgroup S := 

Then Equation (22) shows that p2(pi)“^pi(pi) lies in S. If one of pi (pi) or p2(pi) lies in S 
then they both do since their product does, and hence they commute. Suppose that neither 
lies in S. Equation (21) shows that conjugation by pi(pi) and P2(pi) leaves the circle S 


invariant. This in turn shows that there exists an element of S which conjugates P2(pi) to 
pi(pi). This conjugation leaves S fixed, so that we have shown that in this final case, p2 can 
be conjugated without changing its restriction to kerc to make pi(pi) and P2(pi) commute. 
Define / : vri(F \ T) —)• {±1} by the formula 


/(t) = 


Pl(Pl)P2(P] 




if 7 G ker c 
if 7 0 ker c. 






44 


MATTHEW HEDDEN, CHRISTOPHER M. HERALD, AND PAUL KIRK 


Then it is easy to see that / is a homomorphism (using the fact that and P 2 {pi) 

commute). Moreover, a simple calculation shows that 

P 2 {l) = f{l)pi{n) for all 7 E 7 ri(y \ T). 

Note that there are exactly two possibilities for / since kerc has order 2. In fact, the two 
possibilitites are the trivial homomorphism and c. This proves that the restriction map 
R{Y,T) —>■ R{B,T) factors through an injective map on the orbit space of this Z/2 action. 

It remains to prove that the fixed points are exactly the traceless binary dihedral repre¬ 
sentations (|T71 Definition 3.1]). Suppose that cp is conjugate to p for p E R{Y,T). Thus 
there exists g E SU{2) so that gpi'y)g~^ = c{l)p{l) for all 7 E 7 ri(y \ T). In particular, 
9P{l)9~^ = p{l) fo'^ 7 £ kerc. Since c(pi) = —1, g 7 ^ ±1, so that g lies in a unique circle 
subgroup which we denote S. 

If p sends every 7 E kerc to the center {±1}, then the image of p lies in the subgroup 
{±l,±p(pi)} of order 4, and p is traceless binary dihedral. 

On the other hand, if there exists 7 E ker c such that p( 7 ) 7 ^ ±1, then g and p( 7 ) commute, 
and hence p sends all of kerc into S. Furthermore, for each 7 in the non-trivial coset, 
p{l)~^9P{l) = “5) which implies that p( 7 ) is traceless and S U p( 7 )S is (a conjugate of) the 
binary dihedral subgroup containing the image of p. Hence p is traceless binary dihedral. □ 

8.2. Perturbations. Proposition |8 . 1 1 shows that RiY, T) is a 1-manifold with boundary near 
the two abelian representations r±. The space R{Y,T) is a real algebraic variety, but in gen¬ 
eral it may be singular. To prove Conjecture |6.3| for some {Y,T) one must first desingularize 
R{Y,T). 

There are various ways to smooth the singular space R(Y,T); we restrict attention to ho- 
lonomy perturbations since these have a gauge theoretical counterpart which permits us to 
compare our constructions to those of [211 [23]. In particular, with this choice of perturba¬ 
tions, Proposition | 6 . 4| identifies the generators of the reduced knot instanton homology chain 
complex with the intersection points of Rtt{Y, T) and Lq in the pillowcase for any appropriate 
perturbation vr. 

We recall how to understand holonomy perturbations on the level of representations. What 
follows can be taken as a definition. The reader should keep in mind, however, that the 
perturbed equations we give below arise from a perturbation of the Chern-Simons functional 
on the space of traceless SU{2) connections. In particular, what we call a perturbation 
function is essentially the derivative of the conjugacy invariant function on SU{2) which is 
used to perturb the Chern-Simons function. 

A holonomy perturbation is associated to a pair tt = {E, /), where 

i. E is an embedding E : x C Y \ T (we use E also as notation for the image 

E{S^ X D^)), and 

ii. / is a perturbation function, i.e., f G ^ = {f G C'°°(M,M) | / is odd, 27r periodic}. 

Call a representation p : 7ri(y \ (T U E)) —)• SU{2) a tt -perturbed traceless representation if 
p takes the meridians of T to (7(1), the conjugacy class of i, and satisfies the perturbation 
condition on the meridian pE = .£'({ 1 } x dD^) and longitude Ag = E{S^ x {!}): 


(23) 


p {^ e ) = implies p { pe ) = C' 
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for Q G su{2). Then define the perturbed traceless flat moduli space Rt^{Y,T) to be the 
space of conjugacy classes of vr-perturbed traceless representations. We refer the reader to 
miiiniEi]; expositions tailored to our notation can be found in [TH Lemma 61] and [THl 
Section 7]. 

More generally, one can choose a collection Ei,i = of disjoint embeddings, and 

corresponding functions fi define vr = {Ei,fi}, and take Rt^{Y,T) to be the space of conju¬ 
gacy classes of vr-perturbed traceless representations, defined by requiring the perturbation 
condition (23) to hold for each i. One useful choice is fi{x) = ejsin(x) for some small Cj. 

The following proposition shows that the two abelian representations are stable with re¬ 
spect to (sup norm of fl) small perturbations. 


Proposition 8.3. For small enough perturbations, RTr{Y,T) contains exactly two conjugacy 
classes of abelian representations. These are sent to distinct corner points in the pillowcase 
by the restriction map Rn{Y, T) —)• R{S‘^, {a, b, c, d}). 


Proof. Let /Ui, /i 2 denote meridians of the two components of T. Let pEi, ■ ■ ■, TEn denote the 
meridians of the pertubation curves. Then pi, 1 x 2 , ixei, ■ ■ ■, generate Hi{Y \T). 

Let iflpi, p 2 , FEi, ■ ■ ■ ,Te„)} V = 1,.. • ,n, express the longitude in Hi{Y\T) as a linear 
combination of the meridians of the meridians. 

Identify the diagonal maximal torus in SU{2) with the circle and let T”+2 = (5'^)"''’“^. 
For each (5 > 0, Let tt{S) denote the perturbation data obtained by multiplying each fl by 5. 
Then define a self-map of r^+2 

Q{5) : ^ 


as follows. The first two coordinates encode the traceless condition and are given by 










The remaining coordinates encode the perturbation condition: 

Q{6)i+2ie^^\ ..., e“"‘) = 

Then Q(5)“^(l,..., 1) parameterizes the perturbed traceless abelian representations (not 
conjugacy classes) with values in the diagonal maximal torus of SU{2), with respect to 
the functions dfl: the point (e^^*, ..., e“"*) G Q((5)“^(l,..., 1) corresponds to the 

representation 

7ri(.B\ (ru.F)) ^ Hi{B\{TUE)) ^ C SU{2) 
sending each meridian to its corresponding coordinate. 

The proof is completed by observing that Q(0) is a covering map, hence a submersion. 
Since submersions are stable, <5(5)“^(1,..., 1) varies by an isotopy for small <5. □ 


For any perturbation vr, restricting to the boundary punctured sphere induces a map to 
the pillowcase 

RflY,T) ^ R{S\{a,b,c,d}). 

The two abelian representations guaranteed to persist after small perturbations by Propo¬ 
sition 8.3 necessarily are mapped to corners of the pillowcase, since the restriction of an 
abelian representation is abelian, and non-corner points are non-abelian, as one can see from 
Proposition |6.1[ 


Putting the Propositions 6.1, 8.1 and 8.3 together, we conclude the following. 
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Theorem 8.4. Let (Y, T) be a 2-tangle in a Z-homology ball. Then, for any sufficiently small 
holonomy perturbation vr, there are two abelian perturbed flat representations r± G RTr{Y,T) 
with neighborhoods U± in Rt^(Y,T) half-open intervals. The restriction map 

R^{Y,T)^R{S^,{a,b,c,d}) 


restricts to an immersion on C/_|_ U U- which takes r± to distinct comers of the pillowcase, 
with slope 1. □ 


Thus Theorem 


8.4 


reduces the problem of defining H'^iY, T) for a 2-tangle T to finding an 
(arbitrarily) small holonomy perturbation vr so that 

Rtj{Y,T) \ {r+,r_} is a smooth 1-manifold. 

The restriction of Li : R^^fY^T) —?• P to the arc component is an immersion into P* 
containing no fishtails. 

The restriction of Li : Rj^iY, T) — )• P* to each circle component is an immersion into 
P* containing no fishtails. 


1 . 

ii. 


111 . 


It is well known that calculations of Zariski tangent spaces using Poincare-Lefschetz duality 
show that if Rtt(Y, T) is a smooth 1-manifold away from the two endpoints, then the restriction 
map Pi : RT^iY, T) ^ P immerses Rn(Y, T) \ {r_|_, r_} into P*. Thus for a given (Y, T), what 
is needed is a holonomy perturbation which desingularizes R{Y, T) so that the resulting 
restriction to P has no fishtails. 


9. Perturbing near the 2-sphere 

In this section we construct holonomy perturbations in {S‘^,{a,b,c,d}) x I which induce 
a family of Hamiltonian isotopies of the pillowcase. These were used in Sections and to 
make Lq and Pi transverse. These will alsobe used for other purposes below and in further 
work. 

Consider the product pair 

X I, {a, b, c, d} X I). 

Its traceless character variety is P, and the traceless character variety of its boundary 

X {0, l},{o,6,c,4 X {0,1}) 

is P X P. The restriction map 

R{S‘^ X I, (a, b, c, d}xT)^ R{S^ x {0,1}, (a, b, c, d} x (0,1}) 

is the diagonal map P ^ P x P, which we consider as the graph of the identity map P ^ P. 
Given suitable perturbation data tt for x I, {a, b, c, d} x I), the restriction map 

RniS"^ X /, {a, b, c, dj X /) —)• P(S^ x {0,1}, {a, b, c, d} x {0,1}) 

gives a Lagrangian correspondence c,n- : P —)• P. Choosing a path from the trivial perturbation 
to TT gives a homotopy of the identity to Ct^. We focus on a special class of tt for which is 
an explicitly defined diffeomorphism. 

Figure [TB] shows the 4-punctured 2-sphere with the four based meridian generators a, b, c, d 
based at a point s. An additional curve e is also indicated. 
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Let E : X —)■ 5 ^ \ {o, b, c, d} x I he a tubular neighborhood of the curve obtained by 

pushing e into the interior of 8“^ x I. Fix a perturbation function f £ ^ and let 6 = {E, f) 
denote the perturbation data. Recall that / can be any smooth odd, 27r periodic function. 


Theorem 9.1. With perturbation data 6 = {E,f), the map 

R 5 {S‘^ X I,{a,b,c,d} x I) 

induced by the inclusion 5^ x { 0 } —>■ x I is a homeomorphism, and the composite 

P X /, {a, b, c, d]xl)^ R{S‘^ x {0,1}, {a, b, c, d] x {0, 1]) = P x P 

is the graph of the self homeomorphism (smooth away from the corners) of the pillowcase 
(24) cs : P ^ P, C 5 ( 7 , 0) = ( 7,0 + 2/(7 + tt)). 

Using the 1-parameter family of perturbations tf,t £ [0,1] gives an isotopy from the identity 
Id : P ^ P to cs '■ P ^ P. 

Proof. Let a',b',c',d' and he be based loops in 7 ri( 5 ^ ^ I \ d} x / U E),s) so that 

a',b',c', d' represent the meridians of the punctures in the other boundary component 5^ x { 1 }, 
and He denotes the meridian to the perturbation curve E. These curves are illustrated 
in Figure [TTI where, for convenience, the four-punctured sphere is identified with a three- 
punctured disk. 

The curves a, 6 , c,d, he generate 7 ri( 5 '^ \ ({o; b,c,d} x IVJ E), s) and the relations 

ha = cd, a' = a,b' = b, d = heche, d' = HEdfLE, 


hold. The natural longitude Ag for Fi is represented by the homotopy class ba. 

As explained in 
(a, b, c, d 


Proposition 3.1] (see Proposition 6.1 above), any representation of 


(25) 


ba = cd) taking a, b, c, d to traceless elements is conjugate to one given by 
a ^ i, 6 ^ c ^ e^\ d ^ 
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for some ( 7 , 8) G P. Thus, to any representation p : 7 ri(S'^ x I\{{a, b,c,d} x lUE)) —> SU{2) 
sending a,b,c,d to traceless elements, one can associate ( 7 , 0 ) G P- Then p{\e) = p{ba) = 

If /9 G RsiS'^ X I, {a, 6 , c, d} x I), then p satisfies the perturbation condition (see Equation 

@): 

(26) p{pE) = 


Hence 

(27) 


p{a') = i, p{b') = e<\ p{c') = = e®+ 2 /(T'+^)k 


Conversely, given any ( 7 , 0) G P and e“*^ there exists a unique traceless representation p : 
7ri(S'^ X -I \ ({flj 6, c, d} X I U E)) —)• SU{2) and p{pe) = e“^. This satisfies the perturbation 
condition, and hence p G Rs{S^ x I, {a, 5, c, d} x I) provided e“^ = 

We have shown that to each ( 7 , 6) £ P there exists a unique p G RsiS^ x I, {a, 6 , c, d} x /), 
given by (25), (26), and (27). Moreover the restriction 


RdiS"^ X I, {a, b, c, d} X I) —)• P(S^ x {0,1}, {a, b, c, d} x {0,1}) = P x P 


has image ( 7 , d, 7 , d + 2/(7 + vr)) 

This shows that d = (P,/) induces the map 05 ( 7 , d) = ( 7 , d + 2/(7 + 7 r)), as asserted. This 
map is invertible, with inverse ( 7 , d) 1 —)• ( 7 , d —2/(7+7r)), and hence is a homeomorphism. □ 


We stated Theorem 


9.1 


for a specific curve e in \ {a, b, c, d} but one may conjugate 
by any diffeomorphism (p of the punctured sphere to replace e by <p{e), generating many 
more homeomorphisms of the pillowcase. Although not used in the rest of this article, these 
perturbations will be important in forthcoming work. 
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Theorem 9.2. Given any relatively prime pair of integers p,q and (p G there exists a 
holonomy perturbation along a single curve in x /, {a, b, c, d} x I) inducing the homeo- 
morphism 

Cp,qj{'y, 0) = {'y- qcpipj + qe),0+p(l){p-f + qO)) 
of the pillowcase. This homeomorphism is Hamiltonian isotopic to the identity. 


Proof. Given (7, 9) G Let 6) : 7 ri( 5 '^ \ {a, 6 , c, d}) —)■ SU{2) be the traceless represen¬ 
tation of Proposition |6.1[ 

Let g : {S‘^, {a, b, c, d}) —)• (5^, {a, b, c, d}) be the half-Dehn twist diffeomorphism supported 
in the hemisphere containing c and d which sends c to d and d to c. (Thus g^ is the Dehn 
twist about the curve labeled e in Figure [^) Choosing a base point near a, the induced 
automorphism on 7 ri(S'^ \ {a, b, c, d}) is given by 

5 * (a) = a, g^ (b) = 6 , (c) = d, 5 * (d) = d~^cd. 

Then -ip{j,6){g^{b)) = and 'ijj{'y,9){g^{c)) = i.e., 

g*'ijj{j,9) = ( 7 , 9 - 7). 


In other words, g induces the linear map on the pillowcase: 



Let h : (S^, {a, b, c, d}) —)• (5^, {a, 6 , c, d}) be the diffeomorphism which fixes (a neighbor¬ 
hood of) a, and cyclically permutes b, c, d. This can be chosen to induce the automorphism 
7 ri(S'^ \ {a, 6 , c, d}) is given by 

d*(o) = a, h*( 6 ) = c“^, /i*(c) = d, d*(d) = (cd)“^ 6 “^(cd) 

Then '^( 7 , d)(/i*( 6 )) = —and 'ip{'y,9){g^{c)) = i.e., h induces the 

affine map on the pillowcase: 

(29) O'''=(o)- 
The matrices 

5 = A,Al = and T = A,A-^ = 

are the standard generators of the modular group. It follows that given any relatively prime 
pair of integers p, q, there exists a word w = w{g, h) in g and h so that the resulting diffeo¬ 
morphism w : {3“^, {a, b, c, d}) —)• (5^, {a, 6 , c, d}) satishes 

( 30 ) 9 ) 

where ps — qr = 1 and u is a vector whose entries are integer multiples of vr. 

The diffeomorphism w induces a level preserving diffeomorphism 

w : {S‘^ X I, {a, b, c, d} x /) — )• (5^ x /, {a, b, c, d} x /). 


This diffeomorphism takes perturbed flat connections with respect to the perturbation curve 
E of Theorem 9.1 to perturbed flat connections with respect to w{E). 
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To simplify notation, write = 2f{x + tt) + tti where f £ ^ is the function used in 
Theorem |9.1[ and ui is the first component of the vector u. Note that (p G ^ ii and only if 
/ G ^. Then the self-homeomorphism of the pillowcase given by perturbing along w{E) is 
the conjugate o cs o w*, which we compute 


(( 


w 


*\-i 


o cs o w 


■10 


(w*) ^ o C 5 + u 

Q + u + 

^ (^ 0 ^ + u + HpI + q0 + Ui) ^ 


0 


-A-iu 


+ (Pip'y + Q0 + ui) 


p 


If ui is an even multiple of tt, then we are done, since these are pillowcase coordinates. If ui 
is an odd multiple of tt, replace (p{x) by (j){x + vr); this induces a bijection of 

□ 


10. HOLONOMY PERTURBATIONS TO SMOOTH THE TRACELESS CHARACTER VARIETY OF A 

2-TANGLE DECOMPOSITION OF A TORUS KNOT 

For the rest of this article we provide a detailed study of the traceless character varieties 


associated to a certain 2-tangle decomposition of a torus knot T, 


p,<i- 


we establish that {S^,Tp^g) admits a 2-tangle decomposition as in Equation 


In the present section 
which verifies 


17 


Conjecture |6.3| except possibly for the absence of fishtails. 

In the next section we identify Li : Rt^{Y,T) —)• P for a number of Tp^g and verify that in 
all our examples, Li is indeed a restricted immersed 1-manifold, and that H\Y,T) is either 
isomorphic to ,Tp^g), or, in examples where the calcula tion of ,Tp^g) is unknown, 
that the calculation of H\Y,T) combined with Conjecture 6.5 is consistent with the con¬ 
jecture |22j that the ranks of l\S^,K) and knot Heegaard-Floer homology HFK{K) are 
equal. 


We recall the description of the traceless SU (2) character variety of a tangle associated to 
the (p, g)-torus knot from [181 El- Figure 18 illustrates a 3-component link Ha U Hb U K 


m S^, with the component K intersecting a 3-ball 77 in a trivial 2-tangle U. Integers r,s 
satisfying pr + qs = 1 are fixed throughout. 

Performing — ^ Dehn surgery on the component labeled Ha and ^ Dehn surgery on the 
component labeled Hb yields again, and the knot labeled K becomes the (p, q) torus knot. 
In this S^, let Y denote the complement of the illustrated 3-ball D, and T the part of the 
{p, q) torus knot contained in Y. Precisely, Y is obtained from S^\D hy performing — - and 
- surgery on Ha and Hb, and T <ZY denotes that part of K which lies in Y. Note that Y 
is itself diffeomorphic to a 3-ball. 

Let Pa and Pb in Y be the cores of the Dehn surgery solid tori which are added after 
neighborhoods of Ha and Hb are removed. We will perform holonomy perturbations along 
these curves in Y. 
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Figure 18. The (p, g) torus knot 


Generators a, b, c, d, x, y of the fundamental group 

7ri(y \ (T U Pa U Pb)) = 7ri(p3 \ (h u K U U Hb)) 

are illustrated. 

One computes (see [IB]) that 

7ri(y \ (T U Pa U Pb)) = {x, y,a,b,c \ c = xax, add = yxbxy, [y, xb] = 1, [x, day] = 1). 
The curves 

Ai = {xb)'^y^ and A 2 = {xb)~^y^ 

form a longitude-meridian pair for the component Pa- The curves 

Pi = {ddy)~^x^ and P 2 = {dayYx^ 

form a (commuting) longitude-meridian pair for the component Pb- In particular, 7ri(y \T) 
is obtained from 7ri(y \ (T U Pa U Pb)) by killing ^42 and B 2 - 

Working with the presentation of 7ri(y \ (T U Pa U Pb)) given above, together with the 
fact that pr -|- gs = 1 yields: 

Al = (xb)"'*?/"* = {xb){xb)-P^y'^^ = xb{{xb-PyY = xbA^ 


and so 

Similar calculations give 


xb = AfA^r 

y = ^ 2 ^ 1 , X = P|P[, day 




from which one obtains 

(31) a = yxbx{ddy)~^ = A^'^pA 2 ~^B 2 and b = xxb = B^^B^^AlA^^. 
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Since c = xax and d = dyxbxya, it follows that the four elements Ai, A 2 , Bi, B 2 generate 
7ri(y \ (T U Pa U Pb)). a simple extension of the observation in [18] that 7ri(y \ T) is free 
on Ai and Pi (they are labeled A and B in that article) shows that i^iiY \ (T U Pa U Pb)) 
is the free product of the free abelian group generated by Ai, A 2 and the free abelian group 
generated by Pi, P 2 . 

We use the perturbation functions ca sinx on Pa and cb sinx on Pb for some (ei, 62 ) G 
Recall from Equation (23) that with this choice, perturbed-flat connections modulo gauge 
are identified with representations p : 7ri(y \ (T U Pa U Pb)) —>• SU{2) which satisfy the 
perturbation conditions 


(32) 


p{A 2 ) = if p{Ai) = for some Qa e C(i) 


p{B 2 ) = if p{Bi) = for some Qb £ C'(i)- 

If (cA, C-b) = (0, 0), then perturbed-flat connections send A 2 and P 2 to 1 G SU{2), hence by 
the Seifert-Van Kampen theorem correspond exactly to SU{2) representations of 7ri(y \ T). 
As above, we define the perturbed traceless flat moduli space 

ReA^eB{Y,T) = {p : 7 ri(y \ (TUPaUPb)) SU{2) \ p traceless, satisfying (@} /conjugation 

Theorem 10.1. There exists a neighborhood ^ C o/(0, 0) such that for any (ca, cb) G ^, 
the space Re^^esO^^T) is a smooth compact 1-manifold with two boundary points and such 
that the restriction map to the pillowcase Re^^esO^^T) —)• P satisfies the conditions to be a 
restricted immersed 1-manifold except possibly the absence of fishtails. 


In extensive calculations we have not found any small non-zero ca^cb for which ReA,eB 0^^ 
P is not a restricted immersed 1-manifold. 


The strategy to prove Theorem 113 is standard: we form a parameterized moduli space, 
prove it is a smooth manifold, and apply Sard’s theorem to the projection to We start 
with a gauge fixing theorem which identifies R^^abO^^'^) with a subset of the box [ 0 , 7 r] x 
[0,vr] X [-1,1], 

A representation p : 7ri(y \ (TUPaUPb)) —)■ SU{2) satisfying the perturbation conditions 
with respect to (ca, cb) is traceless if and only if p{a) and p{b) are traceless. From Equation 
(31) this holds if and only if 


Re(p(A"+^A«“^Pf“^P 2 ^"+^^)) = 0 and Re{p{Bf^Bf^ 


^AlAfn) = 0 . 

Assuming that p{Ai) = e^^^ and p{Bi) = e"^^ for some pair of purely imaginary unit 
quaternions Qa,Qb £ C'(i)) these can be expressed equivalently as 


Re 


,{{s-\-p)u-\-{q-r)eAsinu)QAQi{q-r)v-{s-\-p)eBsinv)QB'^ _ q 


and 


Re 


^gi-ry-seB smv)QB ^{su-reA sinu)QA)^ 


= 0 


or equivalently (see m Proposition 2.1]) as 'b(eA, €b,u, v, t) = (0,0), where = ('hi, '^ 2 ) is 
defined by 


^i(eAPB) u, V, t) = cos((q — r)v — (s -|- p)eB sinx) cos((s -|- p)u + {q — r)eA sinu) 

— sin((g — r)v — (s -j- p)eB sinv) sin((s -j-p)u + (q — r)eA sin ri)r 


( 33 ) 
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and 

^ 2 (eA, ^B,u, V, t) = cos(—rn — ses sinn) cos(su — tea sinn) 

^ — sin(— rn — sinn) sm(sn — reyi sinn)r, 

with r the cosine of the angle between Qa and Qb- 
Theorem 10.2. Fix {€a,€b) G and let 

= {(^> V, t) G [0, tt] X [0, tt] X [-1,1] | ^'(eA, es, u, V, t) = 0}. 
Then the assignment 


Ai i-A e“, A 2 e' 


e^smui gts sin 


defines a surjection 

f--W.A,eB^ReA,eBiY,T) 

whose fiber over f{u, v, r) is the single point {(u, v, r)} unless sinu = 0 or sinn = 0 , in which 
case the fiber is the arc {(n, n)} x [—1,1], The map f sends the points of W^aab interior 
to the box to non-abelian perturbed representations and boundary points to perturbed abelian 
representations. 

The proof of this lemma is identical to |18l Theorem 11.1] (see also |17l Theorem 4.2]). The 
essential point is that if sin u 0 sin v then any representation can be uniquely conjugated 
so that Ai is sent to and Bi is sent to i £qj, cosine of the angle between 

this representation’s Qa and Qb- The perturbation condition then determines where A 2 and 
B 2 are sent. We leave the details to the reader. 

A point {u,v,t) G W^aab which lies on the boundary of the box corresponds to a repre¬ 
sentation which sends Ai and A 2 to the center ±1 if sinu = 0 , sends Bi and B 2 to ±1 if 
sinu = 0, and sends Ai, A 2 , Bi, B 2 to commnting elements if |r| = 1. It follows that points 
in WeAAB meeting the boundary of the cube correspond exactly to abelian representations 
(i.e., representations with abelian image). There are two conjugacy classes of (unperturbed) 
traceless abelian representations. This property is stable with respect to small perturbations, 


as shown in Proposition 8.3 


The result needed to prove complete the proof of Theorem |10.1 is the following. It says that 
the map 'h of Equations (|33|), (34) is submersive near non-abelian points of the unperturbed 


traceless character variety R{Y,T). Hence for generic small {eA,^B), the non-abelian part of 


R. 


^A,<^B 


(Y, T) is smooth. 


Lemma 10.3. Suppose that u,v,t are chosen so that 4^(0,0, u, n, r) = 0, with sintt / 


0,sinu 7 ^ 0, and |r| 1. Then 


is surjective, and hence ^ is a 


submersion near ( 0 , 0 , u, v, r) 

Proof. The proof is essentially a lengthy second-year calculus computation, and we recom¬ 
mend the reader skip it. 

Consider first 4 ' 2 . To clarify, we adopt the following notation 

A = cos(—ru), B = sin(—ru), C = cos(su), D = sin(su). 


From Equation (34), the partial derivatives of 4'2 at the point (0,0, u, n,r) are given by 

d^2 


dcA 


(0,0,u,v,t) 


= A(—D)(—r) sinu — BC'(—r)Tsinu = r(AD -|- BCt) sinu 
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—— = —B{—s sin v)C — yl(—s sin v)Dt = s{BC + ADt) sin v 

(0,0,«,D,r) 


I (0,0,u,v,t) 


= A{-D)s - BCst = -s{AD + BCt) 


=-B{-r)C - A{-r)DT = r[BC + ADt) 


^ (0,0,w,iJ,r) 

Moreover, the equation '^ 2 ( 0 ,0, tt, u, r) = 0 is equivalent to 

AC - BDt = 0. 

Similarly, adopting the notation 

E = cos (((7 — r)u), F = sin((g — r)v), G = cos((s + p)u), H = sin((s + p)u), 
we obtain 

( 9 ' 1^1 

—— =—{q — r){EH + FGT)smu 

(0,0,-u,-i;,r) 

—— = {s + p){FG + EHT)siTiv 

^^B (0,0,u,v,t) 

=-{s + p){EH + FGt) 

S'I'l 

^ =-{q - r){FG + EHt) 

{0fi,U,V,T) 

(0,0,'U,i;,r) 

Moreover, the equation 0, u, u, r) = 0 is equivalent to 

EG - EHt = 0. 

Suppose that were not a submersion at (0,0, u, u, r). Then dTi and (i'I '2 are linearly 
dependent. 

If d ^2 = 0, then AD + BCt = 0, BC + ADt = 0 and BD = 0. Therefore AD = 
ADt^. Since |r| / 1, this implies AD = 0 and BC = 0. If T = cos(—ru) = 0, then 
B = sin(—ru) / 0, so cos(su) = C = 0 and hence sin(su) = / 0, contradicting BD = 0. 

But if A / 0, sin(su) = D = 0 and so cos(su) = C* / 0 and hence B = 0. But this contradicts 
AC — BDt = 0. Therefore, d ^2 / 0. Similarly, d^i / 0. 

Since neither d^i nor d ^2 is zero, there there exists a non-zero a G M so that ad'^i = d^ 2 - 
Comparing the first columns, (i.e., ^—) and using the fact that sinu 7 ^ 0 one sees 


AD + BCt = a 


{EB^FGt). 
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Similarly, comparing third columns gives 

AD + BCt = a {EH + FGt). 

Since = 1 — 7 ^ 1, and a / 0, this implies that EH + FGt = 0, and hence also 

AD + BGt = 0. Comparing the second and fourth columns and applying the same argument 
yields FG + EHt = 0 and AD + BGt = 0. 

Then FG = -EHt = FGt‘^. Since |r| ^l,FG = Q = EH and, similarly, AD = BG = 0. 
Since neither d^i nor d'I '2 is zero, BD ^ 0 and EH ^ 0. Thus A = G = 0 and G = E = 0. 
Recalling their definitions, this says that 

(35) cos(—ru) = cos{su) = cos{{q — r)v) = cos((s + p}u) = 0. 

Hence there exist odd integers k,£ so that —rv = kj and (q — r)v = Thus (q — r)k = —r£. 
Since r and q — r are relatively prime, there exist odd integers m, n so that k = rm and 
£ = {q — r)n. Thus u = Similarly, u is an odd multiple of Equation (35) 

then implies that r, s,q — r, s + p are all odd, but then p, q are both even, contradicts the fact 
that p and q are relatively prime. Thus the assumption that T is not a submersion leads to 
a contradiction. 

Hence T is a submersion at (0, 0, u, v, r), and so also near (0,0, u, v,t). □ 


Proof of Theorem 10.1 Recall that TTq.o denotes the preimage in the box [ 0 , 7 r] x [ 0 , 7 r] x 
[—1,1] of 0 by the map (u, u, r) 1 —)■ 'I'(0, 0, u, u, r). Let V be the intersection of a small open 
neighborhood of Wo,o with the interior of the box. 

Lemma 10.3 implies that (after perhaps choosing a smaller V), there is a neighborhood ^ 
of 0 in so that T : x [ 0 , vr] x [ 0 , vr] x [— 1 , 1 ] —)■ restricts to a submersion on ^ x R. 

The parameterized moduli space P := x V H T“^(0) is a smooth submanifold of £? x V. 
By Sard’s theorem, there exist regular values (e^,es) of the composite P C x V 
arbitrarlily close to 0. Its preimage in the interior of the box is identified with the non-abelian 
part of T) by Theorem 10.2 The structure near the two abelian representations 

was identified in Theorem 18.41 □ 


11. Calculations for torus knots 


In this section we carry out calculations of C^(Lo)-^i) for some torus knots, including 
examples with non-trivial differentials. In what follows, we continue to use the description of 


Lp^q illustrated in Figure 


18 


where we perform — ^ Dehn surgery on the 

illustrates a 


the torus knot K = Tj 

component labeled Ha and 7 surgery on the component labeled Hb- Figure 
decomposition 

{S\Tp.q) = (T,r) U( 52 ,{,,b,e,d}) {D,U). 


18 


Recall that this decomposition depends on the choice of integers r, s satisfying pr + qs = 1. 
Different choices of r,s lead to different pairs R{Y,T) and restriction maps Li. 

The identification of the spaces Rtt{Y, T) and their image in the pillowcase was done using 
a computer algebra package. 
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Recall that Kronheimer-Mrowka prove ( [23t 120] , also Lim |26) ) that the rank of the reduced 
singular instanton homology l\S^,K) is bounded below by the sum of the absolute value of 
coeffcients of the Alexander polynomial, which we denote by | Ak \ ■ 

It is conjectured that the reduced instanton homology of a torus knot K has rank equal to 
This is a special case of a more sweeping conjecture which relates singular instanton 
homology of a knot and its Heegaard-Floer homology. 

is true, then the rank of T, vr) must be at least as large as | Ai^| for 


If Conjecture 


6.5 


a tangle decomposition of a torus knot K, and if in addition the conjecture of the previous 
paragraph is true, then rank(FI^(y, T, vr)) = |Ax|. The reader can verify that in all the 
examples given below, the rank of equals |A;^|. 


In the following calculations, we take Lq = for a small e > 0. We calculate Maslov 
indices relative to the slope 1 line field ^i, making use of Equation ( [I^ to simplify grading 
calculations. We make frequent use of the calculus described in Section 


11.1. The (5,11) torus knot. Consider the tangle associated to the (5,11) torus knot, 
corresponding to the choice (5,11, 9, —4). The unperturbed traceless character variety R{Y, T) 
is a restricted immersed 1-manifold. 

In fact, i?(y, T) is a union of an arc Rq and four circles Ri, i? 2 , Rsj Ri- The arc Rq embeds 
linearly with slope 2. Two of the circles, say Ri,R 2 are vertically monotonic with vertical 
degree 2. The remaining circles R 3 ,R 4 each map precisely in the way illustrated in the 
example of Figures and 

Since the signature of the (5,11) torus knot is —24 = 0 mod 4, Rq contributes (1, 0, 0, 0) to 
R^(y, T) by our absolute grading convention. Proposition |5.3| implies that the two vertically 
monotonic circles Ri, R 2 contribute (1,1,1,1) each to R^(y, T). 

The contributions of R 3 and R 4 to C{Lq,Li) and H'^{Y,T) were computed in detail in 
Section 3.9; it was shown that each contributes a (2, 2, 2, 2) summand to C{Lq, Ri), each has 
two bigons contributing to the differential, and each contributes (1,1,1,1) to the homology 
H'^{Y,T). Thus the differential d : C{Lq,Li) —)■ C{Lq,Li) has rank 8 and 

H\Y,T) = (1,0,0,0) ©ti (1,1,1,1) = (5,4,4,4). 


In particular, the rank of H\Y,T) is 17, which equals |Ai^|. The calculation of I^{S^ 
is unknown, but Conjecture |6.5| would imply that the Kronheimer-Mrowka lower bound is 
attained for Tsqi. 


11.2. The (3,7) torus knot. Taking the decomposition of the (3, 7) torus knot correspond¬ 
ing to the choice {p,q,r,s) = (3,7, 5,—2), it is shown in [T7| that the space R{Y,T) is the 
disjoint union of an arc Rq (consisting of binary dihedral representations) and two circles Ri, 
R 2 . In particular, Ri ; R{Y,T) —)■ R is a restricted immersed 1-manifold. 

The restriction Ri|rq : Rq —)• R is the linear embedding of slope 2 ([T71 Theorem 4.1]), 
given by [0, vr] 9 t 1 —>■ {t, 2t) G R. The restrictions of Ri to Ri and R 2 have the same image, 
and each is a vertically monotonic circle of vertical degree 2. 

The line segment of slope 2 has a unique intersection point with Rq, namely the point r^. 
The signature of is —8 = 0 mod 4 and so Rq contributes (1,0,0,0) to H\Y,T). 

Since Ri and R 2 are vertically monotonic with vertical degree 2, Proposition |5.3| implies 
that Ri and R 2 each contribute a summand (1,1,1,1) to C'(Ro,Ri) and the differential is 
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zero in these summands. Hence 

H\Y,T) = (1,0,0,0) ©ii (1,1,1,1) = (3, 2, 2, 2). 

This agrees with the calculation of the reduced instanton homology of the (3,7) torus knot 
(see m), as well as the calculation of the (Z/4 graded) reduced Khovanov ho¬ 
mology 


11.3. The (5,7) torus knot. It is established in [T7] that taking {p,q,r,s) = (5,7,3,—2), 
R{Y,T) is smooth, and has two components, an arc Rq and a circle Ri. The restriction of 
Li to Rq is linear with slope 2. The restriction of Li to the circle is a 2-1 cover onto its 
image which winds four times vertically around P*. In particular, Li : —)• P is vertically 

monotonic with vertical degree d = 8. 

The arc component Rq has a unique intersection point with Lq, namely the point r^. The 
signature of the (5,7) torus knot is —16 = 0 mod 4, and hence Rq contributes (1,0,0,0) to 
C{Lq,Li) and H\Y,T). Since Pi is vertically monotonic with vertical degree 8, Proposition 
5.3 implies that Pi contributes (4,4,4,4) to C(Lo)-^i)- Moreover, all differentials are zero in 
this summand. Thus we conclude that all differential vanish and 


pVy,r) = (5,4,4,4). 

This agrees with the calculation of the reduced instanton homology I^{S^ Moreover, 
the reduced Khovanov homology equals (8, 6, 7,8), which has stricly larger rank, 

corresponding to the fact that there are non-trivial higher differentials in the Kronheimer- 
Mrokwa spectral sequence from Khovanov to instanton homology [23]. 


11.4. The (5,12) torus knot. Taking {p,q,r,s) = (5,12,5,—2), it is shown in [T7j that 
R{Y, T) —>• P is a restricted immersed 1-manifold composed of one arc Pq mapping with 
slope 6, and two vertically monotonic circles Pi,P 2 each of vertical degree 6. 


Proposition 5.3 shows that the components Pi and P 2 each contribute (3,3,3,3) to 
C{Lq,Li) and H\Y, T). For the component Pq, we calculate in exactly the same manner 
as was done for 2-bridge knots. There are 5 representations, and 5 r(r^,x^) = 2, 

gr{x'\^,X 2 ) = 2, and gr{xf,x~) = 1. The signature of Pr 5 ,i 2 is —28, and hence gr{Pj^) = 0 
mod 4. Since Rq maps linearly with slope 6 to the pillowcase, there can be no bigons, and 
thus all differentials are zero. Therefore, the component Rq contributes (2,1,1,1) to H'^{Y-, T), 
generated by {r^, x^}, {x^}, {x^}, {x^ } respectively. We conclude that 

H\Y, T) = (2,1,1,1) ©Li (3,3,3, 3) = (8, 7, 7, 7). 

This agrees with the calculation of /^(S'^,r 5 q 2 ) in [IH|, and is smaller than the reduced 
Khovanov homology = (20,19,19,19). 

11.5. The (5,17) torus knot. Taking (5,17, 7,—2), it is shown in [T7| that R{Y,T) — > P 
is a restricted immersed 1-manifold, the union of an arc Pq mapping linearly with slope 2 
and three circles Pi,P 2 ,P 3 are vertically monotonic with vertical degrees 6,6 and 8. The 
signature equals —40 = 0 mod 4, and so the single intersection on the arc Pq contributes 
(1,0,0,0) to C{Lq,Li) and P^(y,T). Proposition 5.3 implies that the circles Pi,P 2 ,P 3 
contribute (3, 3, 3, 3), (3, 3, 3, 3) and (4,4,4,4) respectively to C{Lq, Li) and H\Y, T). Hence 

H\Y,T) = (11,10,10,10), 
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Figure 19. R{Y,T) and its image in the pillowcase for the (3,4) torus knot. 


which agrees with the calculation of the instanton homology /^(5^,r5_i7) in [TH]. Two of the 
circles (the degree 6 circles) have the same image and the degree 8 circle double covers its 
image. 

11.6. The (3,4) torus knot. We next give an example of a tangle decomposition so that 
the unperturbed traceless character variety R{Y, T) is not smooth. After smoothing it using 
a holonomy perturbation, Rt^(Y,T) becomes a restricted immersed 1-manifold and one finds 
a non-trivial differential in the summand corresponding to the arc component. 

Take {p,q,r,s) = (3,4,3,—2), it was shown in [T8l Proposition 11.4] that R{Y,T) is a 
singular space, obtained from 3 arcs Iq = [0,7r], I± = [|, by identifying the endpoints 
of /+ and /_ to Iq at | and ^ to form a singular variety homeomorphic to the letter 
(j). The restriction map to the pillowcase takes the arc Iq (consisting of binary dihedral 
representations) to the arc of slope —2 via [0, vr] 9 t i—>■ (vr — f, —2t) and takes each of the 
two arcs I± to linear arcs of slope 4. The space R{Y, T) and its image in the pillowcase is 


illustrated in Figure 19 
Applying Theorem 


10.1 


we can find an arbitrarily small perturbation so that ReA,eB (^) 
is smooth. A lengthy calculation (or using a computer algebra package) reveals that R^^fliY, T) 


is the union of an arc and a circle for any small non-zero ea, as illustrated in Figure 20 


The image of the perturbed character variety, a restricted immersed 1-manifold composed 
of one arc and one circle, is illustrated in Figure along with the image of Lq. The arc 


component Rq intersects Lq in three points, and . The signature of the (3,4) torus 


knot is —6 = 2 mod 4, and so gr{r^) = 2. The relative gradings are gr{x~[,Xi) = 1 and 
gr(xY,r^} = 1. Hence gr{x^) = 3 and gr{x'^) = 0. 

A bigon from x^ to is indicated in in Figure 
non-zero differential dx'^ = r^. Thus Rq contributes (1,0,0,0) to H'^{Y,T,'it). 


21 


This is the only bigon and gives the 

The circle 


component Ri is vertically monotonic of vertical degree 2 and hence contributes (1,1,1,1) 
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Figure 20. R{Y,T) resolving to for the (3,4) torus knot. 



Figure 21. The image of Re^fl{Y,T) in the pillowcase for the (3,4) torus 
knot. The bigon giving a non-trivial differential is shaded. 


to C{Lq,Li) and H'^{Y,T). Hence 

H^(y,r,7r) = (2,l,l,l), 

which is isomorphic to the reduced instanton homology ,T 3 ^ 4 ^), as well as the reduced 
Khovanov homology 

11.7. The (3,5) torus knot. Taking {p,q,r,s) = (3, 5,2,—1), the space R{Y,T) is again a 
(singular) cj) curve, made up of an arc Iq = [0, vr] of traceless binary dihedral representations 
which maps to the bottom edge of the pillowcase with slope 0: [0, tt] 3 t ^ {t, 0) and two arcs 
I± = [f, ^] whose interiors consist of non-binary dihedral representations and which map to 
the pillowcase linearly with slope 6: = [|, ^] 9 1 1 —)• {t, 6{t — |)). 

However, the singularities resolve differently than in the case of the (3,4) torus knot which 
was illustrated in Figure]^ the perturbed variety '^) is a single arc Rq. The image 

of this arc in the pillowcase is illustrated in Figure 






60 


MATTHEW HEDDEN, CHRISTOPHER M. HERALD, AND PAUL KIRK 




Figure 22. The image of T) and Lq in the pillowcase for the (3,5) 

torus knot. The bigon giving a non-trivial differential is shaded. 

One can easily see a bigon from x'^ to r^. This is the only bigon, so that dx'^ = is 
the only non-zero differential, and gr{xi = 1. The signature of the (3,5) torus knot is 
—8, so that 5 r(r^) = 0. One computes gr{xi,X 2 ) = gr{x 2 -,x'^) = gr{x'^ ,x^) = 2. Together 
with gr{x'^,xj) = 1, this gives C{Lq,Li) = (3, 2, 2, 2) and 

if^(y,r,7r) = (2,l,2,2). 

Once again, this agrees as an absolutely Z/4 graded group, with l\S^, Ts^s) (and 

11.8. The (4,5) torus knot. This example is interesting in the context of instanton homol¬ 
ogy, as it was shown by Kronheimer-Mrowka [21] that there is a non-trivial higher differential 
in their spectral sequence from Khovanov homology to instanton homology. 

The description of i?(y, T) for the (4, 5) torus knot, corresponding to the tangle decom¬ 
position associated to {p,q,r,s) = (4, 5,4,—3), is analyzed in detail in [T71 Section 4]. We 
refer the reader to that article, where it is shown that R(Y, T) is again a </> curve, and its 
restriction map to P is illustrated, along with its nine intersection points with Lq generating 
C{Lq,Li) and the reduced instanton complex. 

A computer-aided calculation shows that T) is the union of an arc Rq and a circle 

i?i and that the restriction to the pillowcase is a restricted immersed 1-manifold. The circle 
is vertically monotonic of vertical degree 2. Hence Ri contributes (1,1,1,1) to C{Lq,Li) 
and H\Y,T). 
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Figure 23. The image of the immersed arc Ro C T) and Lq in the 

pillowcase for the (4,5) torus knot. The bigon giving a non-trivial differential 
is shaded. 


The image of the arc Rq C Re^fl{Y,T) in the pillowcase is illustrated in Figure 23 There 


is only one bigon and, in contrast to the examples of the (3, 5) and (4, 5) torus knots given 
above, the non-trivial differential does not involve the canonical generator r^. The signature 
of the (4, 5) torus knot is —8, so that gr{r^) = 0. 

One computes that Rq contributes (2,1,1,1) to C{Lq, Li). This uses the observation that 
Rq has two slope 1 tangencies. The differential takes a generator in grading 1 to a generator 
in grading 0. Hence Rq contributes (1, 0,1,1) to H\Y,T, tt), so that 

if^(y,r,7r) = (2,l,2,2). 

Once again, this is isomorphic as a Z/4 graded group to computed in 


It is worth contrasting this calculation with the one Kronheimer-Mrowka give of the in- 
stanton homology l\S^,K). They start with the count of the nine generators and their 
relative grading to get the relatively graded chain complex with ranks (up to cyclic reorder¬ 
ing) (3, 2, 2, 2). They then compare this to = (2,1,3, 3) to conclude, from the 

incompatibility of gradings, that there must be a non-trivial differential. A further non-trivial 
argument identihes this differential. By contrast, the differential is manifest in our pictures. 
Of course. Conjecture |6.5|may be false, and so one should be cautious in drawing conclusions. 
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Figure 24. R{Y,T) and its smoothing U U i ?2 for the 

(4,7) torus knot. 



Figure 25. The image of the immersed arc Rq C T) in the pillow¬ 

case for the (4, 7) torus knot. The two bigons are shaded. 


11.9. The (4,7) torus knot. We take the tangle decomposition of the (4, 7) torus knot 
determined by the choice {p,q,r,s) = (4,7,2,-1). The singular variety R{Y,T) and its 
image in the pillowcase is illustrated in HZl Figure 9]. The smoothed variety T) 

is the union of an arc Rq and two circles , i ?2 • The map to the pillowcase is a restricted 
immersed 1-manifold. 

The two circles each map to vertically monotonic circles of vertical degree 2; each con¬ 
tributes (1,1,1,1) to tt). The restriction map of the arc Rq to the pillowcase is 

illustrated in Figure There are seven intersection points, and two bigons are shaded. 
Notice also the four points where the tangent line of Li{Rq) is tangent to the slope 1 line 
field ii- The (4,7) torus knot has signature —14 = 2 mod 4, so that gr{r^) = 2. From 
this one computes that the contribution of Rq to C{Lq,Li) is (2,1,2, 2) and to H'^{Y,T,tt) 







THE PILLOWCASE AND TRACELESS REPRESENTATIONS OF KNOT GROUPS II 


63 


is (1, 0,1,1). Therefore, 

if^(y,r,7r) = (3,2,3,3). 

In particular, the rank is 11, equal to the sum of the absolute value of the coefficients of the 
Alexander polynomial of T^j. 

The calculation of /^(5^,T4j) is unknown to us. Notice that C(Lo,Ti) = (4, 3,4,4) (with 
one non-trivial differential from grading 1 to 0 and the other from grading 3 to 2). This 
is consistent with the relative gradings computed for the instanton chain complex in |18j . 
In that article we computed gradings using a spectral flow splitting formula approach (sug¬ 
gested in |23ji. based, not on a tangle decomposition as in the current article, but rather 
on the decomposition of the form {S^,K) = {S^ \ N{K),(p) □'^2 {N{K),K). This yielded 
C/^(5^,T4^7) = (l,0,0,0)a © (4,4, 3, 3)ft, where the subscripts denote a possible cyclic re¬ 
ordering. We conjecture in that article that a = cr{K) and 6 = 3, which implies that 
CI^S^,T 4 j) = (0,0,1,0) © (4, 3, 3,4) = (4, 3,4,4). Thus, although we do not know the 
instanton homology, we do see that the generators of the instanton chain complex occur in 
the same gradings as for C{Lq, Li). 


11.10. Changing e to cancel bigons. Consider the effect of varying e in the definition for 


L 


e,0 




P* in Definition 


13 


and illustrated in Figure 7 


For very small e > 0, there are 2n + 1 intersection points of Li{R{Y^T)) and Lq{R{D, U)), 
where n corresponds to the number of intersections of Li{R{Y,T)) with the diagonal arc A, 
or equivalently (see [18]) n equals the number of conjugacy classes of non-abelian traceless 
representations of the corresponding knot complement. This is doubled to account for the 
fact that is a figure 8 close to A, and the extra intersection point corresponds to the the 
perturbation of the unique abelian traceless representation which is mapped to the corner. 
An illustration of this is given in Figure 15, where one sees 10 = 2 • 5 points, labeled xf, 


corresponding to the five intersection points with the interior of A, and one extra point 
which converges to the bottom left corner as e —>• 0. 

Increasing the parameter e in the holonomy perturbation function makes the figure 8 Lg ^ 
wider (see [l8|). In some circumstances, the regular homotopy of Lq^ obtained by increasing 
e can be used to cancel pairs of intersection points, and hence reduce the rank C{Lq, Li). 

For example, for the (3, 5) torus knot, a bigon is illustrated in Figure 22 As e increases, 
the pair of intersection points and get closer together and eventually cancel. Explicitly, 
when e = 0.2, = 0.1, and = 0, Li{Re^fl{Y,T)) intersects Lq in 7 points. This is the 

minimum possible by the lower bound given by the sum of absolute value of the coefficients 
of the Alexander polynomial f + 1 of the (3, 5) torus knot, since, by 

Proposition 6.4, the rank of C{Lq^,Li) cannot be smaller than the rank of the instanton 
homology. 

The same method works for the tangle decomposition of the (3,4) torus knot with R{Y, T) 


illustrated in Figure 19 increasing e to 0.8 removes the two generators spanned by a bigon. 


This shows that a suitably perturbed Chern-Simons function on the configuration space of 
the (3,4) torus knot is perfect. 

We summarize: 
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Proposition 11.1. There exists a holonomy perturbations CS + h of the Chern-Simons 
function on the orbit space of singular connections on {S^,T 3 ^i) and on {S^,T^^ 5 ) so that 
CS + h is perfect, and hence all differentials in the singular instanton complex vanish. □ 

In general, simply increasing e does not eliminate every pair of generators spanned by 
a bigon. For example, in the 2-tangle decomposition of the (4,5) torus knot, increasing e 
increases the number of intersection points of Lg with Li. For the (4, 7) torus knot, one pair 
{rf and x 


3 in Figure 25) can be eliminated by increasing e but the second pair and ) 


cannot. _ 

Theorem |4.l| implies that i7^(Lo, Lf) is unchanged by a homotopy of Lq, and, in particular, 
bigons can be used as guides to regularly homotop away pairs of intersection points. For 
example, in the case of the (4, 7) torus knot, one can easily find a curve Lg homotopic to Lg 


so that all differentials in the resulting complex are zero, 
can can be found only using holonomy pertubations. 


It is not clear whether such an Lf 


12. Loose ends 

Several problems remain to be settled before our approach can be considered as producing 
a functioning invariant of knots. Conjectures |6.3| and |6.5| need to be further investigated. 

An important first problem is to determine the extent to which H'^{Y,T,Tr) depends on 
the perturbation vr. Given two perturbations vr, tt' for which RniY, T) ^ P and T) —)• 

P are both restricted immersed 1-manifolds, they are not necessarily related by a regular 
homotopy, but rather by a Legendrian cobordism M- For example, in the calculations with 
torus knots described in Section [T^ we used the perturbation corresponding to €^4 > 0, eg = 0 
with eA small to smooth R{Y, T). Typically, using eyi < 0, = 0 resolves the normal crossing 

singularities along the arc of binary dihedrals in the opposite way. For these examples, the 
resulting H^{Y,T, vr) is unchanged by reversing the sign of ca- But in general, Legendrian 
cobordisms need not preserve Lagrangian-Floer homology. 

A closely related question concerns the existence of fishtails, which obstruct = 0. We 
would like to know that there are no fishtails for small perturbations vr. 

A third question concerns the relationship of H^iY, T, vr) to reduced Khovanov homology, a 
question already solved for Heegaard-Floer theory in [2H] and for singular instanton homology 
in [23]. In forthcoming work we explore this question, extending the definition of H^{Y, T) to 
include links, and we have established a skein exact triangle for H'^{Y,T,'k). We expect this 
to lead to a spectral sequence from Khovanov homology to F7^(y, T, vr) and to an approach 
to prove Conjecture |6.3[ 

A fourth question concerns the promoting of the constructions of this article to n-tangle 
decompositions of knots and links. Some related work includes m, which studies decom¬ 
positions of a knot into two trivial n-tangles. The symplectic variety corresponding to the 
pillowcase in this setting is no longer 2-dimensional, making it much more difficult to under¬ 
stand and compute with. 

In a different direction, the rich collections of isotopies of the pillowcase described in 


Theorems 9.1 and 9.2 are induced by holonomy perturbations, which also induce analytically 


appropriate perturbations of the Chern-Simons functional for the construction of instanton 
homology. These should prove useful in isotoping Lg to reduce the number of generators of 
the instanton chain complex. 
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